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Abstract: We prove the existence of Cantor families of small amplitude, analytic, quasi-periodic 
solutions of derivative wave equations, with zero Lyapunov exponents and whose linearized equation 
is reducible to constant coefficients. This result is derived by an abstract KAM theorem for infinite 
dimensional reversible dynamical system^. 
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1 Introduction 

In the last years many progresses have been obtained concerning KAM theory for nonlinear PDEs, 
since the pioneering works of Kuksin [23] and Wayne [37] for 1-d semilinear wave (NLW) and Schrodinger 
(NLS) equations. A challenging frontier concerns PDEs with nonlinearities containing derivatives. In 
this direction the first existence result of quasi-periodic solutions has been proved by Kuksin [^-|25j. 
see also Kappeler-Poschel [H], for perturbed KdV equations. 

In this paper we develop KAM theory for derivative wave equations (DNLW) proving existence 
and stability of small amplitude analytic quasi-periodic solutions. The DNLW is not an Hamiltonian 
PDE, but may have a reversible structure, that we shall exploit. 

Most of the existence results of quasi-periodic solutions proved so far concern Hamiltonian PDEs, 



see e.g. [15], [55], [2S], [H], [S], [5], [IT], [H], [H], [H], [37], [S], [5], [35], [31], [3D]. It was 



however remarked by Bourgain that the construction of periodic and quasi-periodic solutions using 
the Lyapunov-Schmidt decomposition and the Newton iteration method of Craig- Wayne [M] and [8]- 
[llj is a-priori not restricted to Hamiltonian systems. This approach appears as a general implicit 
function type result, in large part independent of the Hamiltonian character of the equations. For 
example in [lOj Bourgain proved the existence (not the stability) of periodic solutions for the non- 
Hamiltonian derivative wave equation 



Actually also KAM theory is not only Hamiltonian in nature, but may be formulated for general vector 
fields, as realized in the seminal work of Moser |27| . This paper, in particular, started the analysis of 
reversible KAM theory for finite dimensional systems, later extended by Arnold [Tj and Sevryuk |35j . 
The reversibility property implies that the averages over the fast angles of some components of the 
vector field are zero, thus removing the "secular drifts" of the actions which are incompatible with 
quasi-periodic solutions. 

Recently, Zhang-Gao-Yuan [35] have proved existence and stability of C°°-quasi periodic solutions 
for the derivative NLS equation iut + Uxx + |i*x|'^u = with Dirichlet boundary conditions. Such 
equation is reversible, but not Hamiltonian. The result [35] is proved adapting the KAM scheme 
developed for the Hamiltonian DNLS in Liu- Yuan [50] . In turn [5D] extends the approach of Kuksin 
[23]- [IS], Kappeler-Poschel [H], which is valid for more dispersive PDEs, like KdV. The derivative 
nonlinear wave equation (DNLW) , which is not dispersive (the eigenvalues of the principal part of the 
differential operator grow linearly at infinity) is excluded by both these approaches. 

In the recent paper [?] we have extended KAM theory to deal with Hamiltonian derivative wave 
equations like 



This kind of Hamiltonian pseudo-differential equations has been introduced by Bourgain [5] and Craig 
[13] as models to study the effect of derivatives versus dispersive phenomena. The key of [3] is the 
proof of the first order asymptotic expansion of the perturbed normal frequencies, obtained using the 



ytt - Yxx 



+ my + yj = , m > , x G T . 



(1.1) 



ytt - Yxx + my + /(Dy) = , m>0, D := v^-^xx + m, xeT. 
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notion of quasi- Toplitz function. This concept was introduced by Procesi-Xu [31] and it is connected 
to the TopUtz-Lipschitz property in Ehasson-Kuksin [TC], see also [T^]. Of course we could not deal 
in [3] with the derivative wave equation, which is not Hamiltonian. 

The goal of this paper is to develop KAM theory for a class of reversible derivative wave equations 

ytt - Yxx + my = .g(x,y,yx,yt) , xeT, (1.2) 

implying the existence and the stability of analytic quasi-periodic solutions, see Theorem 11.11 Note 
that the nonlinearity in (jl.2p has an explicit x-dependence (unlike [4]). 

We can not expect the existence result for any nonlinearity. For example, (jl.2[) with the nonlinear 
friction term g = Jt has no non trivial smooth periodic/quasi-periodic solutions, see Proposition 11.21 
This case is ruled out by assuming the reversibility condition 

.9(x,y,yx,-v) = .g(x,y,yx,v) (1.3) 

satisfied for example by p.ip . Under condition (|1.3p the equation (|1.2p is reversible, namely the 
associated first order system 

yt==v, vt = yxx - my + 5(x, y,yx, v) , (1.4) 

is reversible with respect to the involution 

^(y,v):=(y,-v) , S' = I. (1.5) 

Reversibility is an important property in order to allow the existence of periodic/quasi-periodic solu- 
tions, albeit not sufficient. For example, the reversible equation ju — yxx = 7x1^6 11' (proposed in 
[13j . page 89), has no smooth periodic/quasi-pcriodic solutions except the constants, see Proposition 
11.11 In order to find quasi-periodic solutions we also require the parity assumption 

.9(-x, y, -yx, v) = .g(x, y, y^, v) , (1.6) 

which rules out nonlinearities like y^. Actually, for the wave equation (|1.2p the role of the time and 
space variables (t, x) is highly symmetric. Then, considering x "as time" (spatial dynamics idea) the 
term y^ is a friction and condition p.6p is the corresponding reversibility condition. 
After Theorcm ll.il we shall further comment on the assumptions. 

Before stating our main results, we mention the classical bifurcation theorems of Rabinowitz [32) 
about periodic solutions (with rational periods) of dissipative forced derivative wave equations 

Ytt - Yxx + ayt + eF{x, t, y, y^, yt) = , x e [0, tt] 

with Dirichlet boundary conditions, and in j33j for fully-non-linear forced wave equations 

Ytt - Yxx + oiYt + £F{x, t, y, y^, y*, Ytt,Ytx, Yxx) , x e [0, tt] . 

This latter result is quite subtle because, from the point of view of the initial value problem, it is 
uncertain whether a solution can exist for more than a finite time due to the formation of shocks. 
Here the presence of the dissipation a ^ allows the existence of a periodic solution. We mention also 
[34] for a third order singular perturbation problem of a second order ordinary differential equation. 

Finally, concerning quasi-linear wave equations we mention the recent Birkhoff normal form results 
of Delort [15] , which imply long time existence for solutions with small initial data. To our knowledge, 
these are the only results of this type on compact manifolds. For quasi-linear wave equations in R'^ 
there is a wide literature since the nonlinear effects of derivatives may be controlled by dispersion. 
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1.1 Existence and stability of quasi-periodic solutions of DNLW 

We consider derivative wave equations ()1.2p where ni > 0, the nonlinearity 

g -.TxU ^M., U CM.^ open neighborhood of , 

is real analytic and satisfies the "reversibility" and "parity" assumptions (|1.3p . (jl.Sp . Moreover g 
vanishes at least quadratically at (yiYxiv) = (0,0,0), namely 

.g(x, 0,0,0) = (ay.9)(x, 0,0,0) = {dy^g){x, 0,0,0) = {d,g){x,0,0,0) = 0. 

In addition we need a "non-degeneracy" assumption on the leading order term of the nonlinearity 
(in order to verify the usual "twist" condition required in KAM theory). For definiteness, we have 
developed all the calculations for 

.9 = YYx + 05(x,y,yx,yt) (1.7) 

where O5 contains terms of order at least five in (y, yx, jt) (terms of order four could also be considered, 
see Remark [7?T|) . 

Because of p.3p . it is natural to look for "reversible" quasi-periodic solutions, namely such that 
y(t, x) is even and v{t, x) is odd in time. Moreover, because of (|1.6p it is natural to restrict to solutions 
which are even is x (standing waves), namely with 

(y,v)(-x) = (y,v)(x), Vx G T . (1.8) 

Note, in particular, that y satisfies the Neumann boundary conditions Yx{t,0) = yx(i, tt) = 0. 
Summarizing we look for reversible quasi-periodic standing wave solutions of (jl.2p . satisfying 



y{t,x)=j{t,-x),yt, y(-tx) = y(t,x), VxeT. (1.9) 
For every finite choice of the tangential sites C N \ {0}, the linear Klein-Gordon equation 

y«-yxx + my = 0, xeT, (I.IO) 

possesses the family of quasi-periodic standing wave solutions 

y = ^ -^^^-^ '^'^'^(^J ^) ^'^^i^^) ' Aj:=Vj^T^, (1.11) 
parametrized by the amplitudes G K+. 

Theorem 1.1. For every finite choice of the tangential sites C N \ {0} and for all m > 0, except 
finitely many (depending onl^ ), the DNLW equation (|1.2p with a real analytic nonlinearity satisfying 
(|1.3p . p.6p . (jl.7p admits small- amplitude, analytic (both in t andx), quasi-periodic solutions 

y = E ^ cos(u;f (Oi)cos(jx) + o(VC), <(0 (1.12) 

satisfying p.9p . for a Cantor-like set of parameters with asymptotical density 1 at ^ ~ 0. These 
quasi-periodic solutions have zero Lyapunov exponents and the linearized equations can be reduced to 
constant cocfEcicnts (in a phase space of functions even in x). The term o(-\/^) in (11.121) is small in 
some analytic norm. 

This theorem answers the question, posed by Craig in |13j . of developing a general theory for 
quasi-periodic solutions for reversible derivative wave equations. With respect to Bourgain [10) . we 
prove existence of quasi-periodic solutions (not only periodic) as well as their stability. 

Let us comment on the hypothesis of Theorem 11.11 
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1. Reversibility and Parity. As already said, the "reversibility" and "parity" assumptions (|1.3|) . 
(jl.6|) . rule out nonlinearities like and for which periodic/quasi-periodic solutions of (|1.2p 
do not exist. We generalize these non-existenee results in Propositions ll.il 11.21 

2. Mass m > 0. The assumption on the mass m 7^ is, in general, necessary. When m = 0, a well 
known example of Fritz John (that we reproduce in Proposition II. 3|) proves that (|1.1|) has no 
smooth solutions for all times except the constants. In Proposition 11.41 we prove non-existenee 
of periodie/quasi-periodic solutions for DNLW equations satisfying both (|1.3p . (|1.6p . but with 
mass m = 0. For the KAM construction, the mass m > is used in the Birkhoff normal form 
step (see section [7] and, in particular, Lemma l7.3[) . If the mass m < then the Sturm-Liouville 
operator — 9xx + m may possess finitely many negative eigenvalues and one should expect the 
existence of partially hyperbolic tori. 

3. x-dependence. The nonlinearity g in (jl.2p may explicitly depend on the space variable x, i.e. 
this equations is NOT invariant under x translations. This is an important novelty with respect 
to the KAM theorem in [3] which used the conservation of momentum, as [T7], [TS]. The key 
idea is the introduction of the a- weighted majorant norm for vector fields (Definition 12. 4p which 
penalizes the high-momentum monomials (see (|2.38|) ). see comments at the end of the section. 

4. Twist. We have developed all the calculations for the cubic leading term g = yy^ -I- h.o.t.. 
In this case the third order Birkhoff normal form of the PDF (|1.2p turns out to be (partially) 
integrable and the frequency-to-action map is invertible. This is the so called "twist-condition" 
in KAM theory. It could be interesting to classify the allowed nonlinearities. For example, 
among the cubic nonlinearities, we already know that for y^, y^yx (and v'^) there are no non- 
trivial periodic/quasi-periodic solutions, see Propositions II. llll. 21 On the other hand, for y'^ the 
Birkhoff normal form is (partially) integrable by |29j (for Dirichlet boundary conditions). 

5. Boundary conditions. The solutions of Theorem 11.11 satisfv the Neumann boundary condi- 
tions yx(i,0) = yx(t, tt) = 0. For proving the existence of solutions under Dirichlet boundary 
conditions it would seem natural to substitute p.6p with the oddness assumption 

-y, yx, v) = -.g(x, y, yx, v) , (1.13) 

so that the subspace of functions (y, v)(x) odd in x is invariant under the flow evolution of p.4p . 
However, in order to find quasi-periodic solutions of ()1.2p . we need the real- coefficients property 
(|1.3ip which follows from ()1.3|) and (jl.6|) , but not from (jl.Sp and (jl.lSp . It is easy to check that 
(|1.3p . (|1.13p and p.3ip imply the parity assumption (jl.6p . Of course, if a nonlinearity satisfies 
(|1.3|) . (|1.6p and also (|1.13|) we could look for also quasi-periodic solutions satisfying Dirichlet 
boundary conditions. 

6. Derivative vs quasi-linear NLW. It has been proved by Klainermann-Majda [52] that all 
classical solutions of Hamiltonian quasi-linear wave equations like 

ytt = (1 + fT(yx))yxx (1.14) 

with tT'--'^(O) = 0, J = 1, . . . ,p — 1, ct'-^-'(O) 7^ 0, do not admit smooth, small amplitude, periodic 
(a fortiori quasi-periodic) solutions except the constants. Actually, any non constant solution 
of (|1.14[) . with sufficiently small initial data, develops a singularity in finite time in the second 
derivative yxx- In this respect |22] may suggest that Theorem II. II is optimal regarding the order 
of (integer) derivatives in the nonlinearity. Interestingly, the solutions of the derivative wave 
equation (which is a semilinear PDF) found in Theorem 1 1 . 1 1 are analytic in both time t and space 
X. Clearly the KAM approach developed in this paper fails for quasi-linear equations like (|1.14p 
because the auxiliary vector field (whose fiow defines the KAM transformations) is unbounded 
(of order 1). One could still ask for a KAM result for quasi-linear Klein Gordon equations (for 
which Delort [T5] proved some steps of Birkhoff normal form). Note that adding a mass term 
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my in the left hand side of (|1.14l) . non zero periodic solutions of the form y(t,x) = c{t) or 
y(t, x) = c(x) may occm-. 



1.2 Ideas of proof: the abstract KAM theorem 

The proof of Theorem ll.ll is based on the abstract KAM Theorem l4.1l for reversible infinite dimensional 
systems which proves the existence of elliptic invariant tori and provides a reducible normal form 
around them. We now explain the main ideas and techniques of proof. 

Complex formulation. We extend p.4p as a first order system with complex valued variables 
(y, v) e C" X C". In the unknowns 

1 . . 1 



M+ := — (L'y - iv) , u (Dy + iv), D := V-^xx + m , i:=\/^, 

systems (|1.4p becomes the first order system 

iu+ = iDu+ +ig{u+,u-) ^^^^^ 
[U(~= —iDu^—ig{u^,u~) 

where 

In p. 151) . the dynamical variables {u~^,u~) are independent. However, since g is real analytic (real on 
real), the real subspace 

R:={^ = u-} (1.17) 
is invariant under the flow evolution of (|1.15p . since 



g{u+,u-)=g{u+,u~), y{u+,u-)eR, (1.18) 

and the second equation in ()1.15p reduces to the complex conjugated of the first one. Clearly, this 
corresponds to real valued solutions (y, v) of the real system (|1.4p . We say that system (|1.15[) is "real- 
on-real" (see the more general Definition 12. 9p . For systems satisfying this property it is customary to 
use also the shorter notation 

(u^, u~) = (u, u) . 

Moreover the subspace of even functions 

E := |u+(x) = M+(-x) , it"(x) = u-{-x)'j (1.19) 

(see p.Sp ) is invariant under the flow evolution of p.l5|) . by (|1.6p . System p.lSp is reversible with 
respect to the involution 

Siu+,u-) ^ {u-,u+) , (1.20) 
(which is nothing but (jl.Sp in the variables (u^,u^)), noting that (|1.3p . p.l6p imply 

g{u+,u~)^g{u-,u+). (1.21) 

Dynamical systems formulation. We introduce infinitely many coordinates by Fourier transform 

u+ =Y^ "j^e^'' , u- =Y^ "Je""^ . (1.22) 

Then p.l5p becomes the infinite dimensional dynamical system 

L+ = iA,<+ig+(...,<,.T,...) ^^^^ ^^^^^^ 
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where 

A, := ^/f+m (1.24) 

are the eigenvalues of D and 

4 = i^ I g(E"^"'^E"':^""i^"'''^^' g7^=gi.- (1-25) 

By p.22p . the "real" subset R in (jl.lTp reads = uj (this is the motivation for the choice of the 
signs in (|1.22p ) and, by (jl.l8[) . the second equation in (jl.23D is the complex conjugated of the first 
one, namely 

57 ^hen M+ = uJ , Vj . (1.26) 
The subspacc E of even functions in (jl.l9|) reads, under Fourier transform, 

E := {u+ = ut^ , u- = u-_j , Vj e Z} (1.27) 

and note that E is invariant under (jl.23p because 

{s%)\E-igf)\E- (1.28) 

By (fT^ the involution (|TT^ reads 

S :iu+,u-)^{uZj,utj), VjeZ, (1.29) 
and (|1.23p is reversible with respect to S because 

g+(. . . , uZ,, ut,, ...)= gZji- ..,u+,uZ,...). (1.30) 
Finally, since g is real analytic, the assumptions (jl.3p and (jl.6p imply the key property 

g^(. . . , uf ^ u~, . . .) has real Taylor coefficients (1-31) 

in the variables {uf , uZ ) . 

Remark 1.1. The previous property is compatible with oscillatory phenomena for p.23p . excluding 
friction phenomena. This is another strong motivation for assuming (|1.3p and p.6p . 

Abstract KAM theorem. For every choice of symmetric tangential sites 

I = Z+ □(-!+) with 1+ CN\{0}, p: = n, (1.32) 
system (|1.23p where g = (i.e. linear) has the invariant tori 

|uj-itj = > 0, for j e I, Uj = Uj ~ for j ^ l| 

parametrized by the actions ^ = (^j)jgx+- They correspond to the quasi-periodic solutions in p. lip . 

We first analyze the nonlinear dynamics of the PDF close to the origin, via a Birkhoff normal 
form reduction (see section [7]). This step depends on the nonlinearity g and on the fact that the mass 
m > 0. Here we use l|1.7p to ensure that the third order Birkhoff normalized system is (partially) 
integrable and that the "twist condition" holds. 

Then wc introduce action- angle coordinates on the tangential variables: 

< = V^Cbl , uJ = y^Cbi +y,e-'"^ jel, {u+,uj) = {z+,zr) = {z,,Zj) , j ^ I, (1.33) 
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where Ij/jl < Then, system (|1.23l) is conjugated to a parameter dependent family of analytic 

systems of the form 

z,=in,{^)zj+P'^'^\x,y,z,z;0 
^ I, = -ifij iOzj + P^'^\x, y, z,z;0, jel.\l, 

where (x,y) e T" x C", z,z are infinitely many variables, a;(^) £ M", n(^) £ ]R°°. The frequencies 
a;j(^), fij(C) are close to the unperturbed frequencies Xj in (|1.24p and satisfy uj^j = loj, n_j ~ 
System (fTTM)) is: 

1. REVERSIBLE (sec Definition 12. 7^ with respect to the involution 

S : {xj,y-i,Zj,Zj) i-> y_j, , V j G Z , S'^ = I , (1.35) 

which is nothing but (|1.29p in the variables (|1.33l) . 

2. REAL-COEFFICIENTS, See Definition [2?8l Indeed, by (jl.3ip . (|1.33p and (|7.30|) . aU the functions 

p(a:) ^ jp(y) ^ ip{zj) ^ 

have reaZ Taylor-Fourier coefficients in the variables (x, y, z, z). 

3. REAL-ON-REAL, scc Definition 12.91 

4. EVEN. The vector field P : E ^ E and so the subspace 

E ^Xj = x-j , yj = , j e X , Zj = , = , j e Z \ l| (1.36) 

is invariant under the flow evolution of (|1.34p . 

In system (|1.34p we think Xj , yj , z^ , as independent variables and then we look for solutions in 
the invariant subspace E, which means solutions of (jl.isp even in x. 

Remark 1.2. It would seem also natural to work directly in the cosine basis {cos(jx)}j>o instead 
of the Fourier representation (|1.22p . namely to identify X-j = Xj, z^^ = z^ . But, the notion of 
momentum is not well defined in the space of even functions. For example the vector fields z^jdz^ and 
Zjdzi, that have different momentum, would be identified. 

Since the linear frequencies u-j = ujj , n„j = fij, are resonant, along the KAM iteration, the 
monomial vector fields of the perturbation 

e"^-"5,, , e^'^-^y'dy^ , k e , |z| = 0, 1, jel, 

e''-"2±ja., , e"=-^z±,a,-^. , vfc G z;^dd , j e ^ \ i , 

where Z^^^j := {fc € Z" : fc_j = —kj yj e I}, can not be averaged out. On the other hand, on 
the invariant subspace E, where we look for the quasi-periodic solutions, the above terms can be 
replaced by the constant coefficients monomial vector fields, obtained setting 

More precisely we proceed as follows: in section [01 we replace the nonlinear vector field P with its 
symmetrized SP (Definition 15. 2p which determines the same dynamics on the invariant subspace E 
fCoroUarv lS.ip because 

P\E^{SP)\E- 

The vector field SP is reversible and its weighted and quasi- Toplitz norms are (almost) the same as 
for P (Proposition 15.2] ). The homological equations (|5.26p for a symmetric and reversible vector field 
perturbation (see (|5.27p ) can be solved, see Proposition 15. 1[ and the remaining resonant term (|5.28p 
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is a diagonal, constant coefficients correction of the normal form (|5.ip (also using the real coejficients 
property) . This procedure allows the KAM iteration to be carried out (remark 15.11 shows that the 
symmetrization procedure is required at each KAM step). Note that, after this composite KAM step, 
the correction to the normal frequencies described in (|1.39|) comes out from the symmetrized vector 
field SP and not from P itself. 

As in the Hamiltonian case [1], a major difficulty of the KAM iteration is to fulfill, at each iterative 
step, the second order Melnikov non-resonance conditions. Actually, following the formulation of the 
KAM theorem given in [2- U it is sufficient to verify 

only for the "final" frequencies s-^d r2°°(^) and not along the inductive iteration. 

As in [3] the key idea for verifying the second order Melnikov non-resonance conditions ()1.37p for 
DNLW is to prove the higher order asymptotic decay estimate 

m ^-^/^ 

f^r(e)=j + «(0 + Tr + ^(— ) j>oii-'^') (1.38) 

A] J 

where a(^) is a constant independent of j. 

This property follows by introducing the notion of quasi-Toplitz vector Geld, see Definition 13.41 
The new normal frequencies for a symmetric perturbation P = SP are fl'j' = D,j + iP^^'^J where the 
corrections P^j-^j ^re the diagonal entries of the matrix defined by 

:= VP^-^^z,a,., p----= / {d,^P<^''^){x,0,0,0;Odx. (1.39) 

Thanks to the real- coefficients property, the corrections iP^^^^J are real. We say that a matrix P = P^'^ 
is quasi-Toplitz if it has the form 

P = T + R 

where T is a Toplitz matrix (i.e. constant on the diagonals) and P is a "small" remainder, satisfying 
in particular Rjj = 0{l/j). Then (jl.38p follows with the constant a := Tjj which is independent of j. 

The definition of quasi-Toplitz vector field is actually simpler than that of quasi-Toplitz function, 
used in the Hamiltonian context [3] , [3T] . In turn, the notion of quasi-Toplitz function is weaker than 
the Toplitz-Lipschitz property, introduced by Eliasson-Kuksin }16j . The quasi-Toplitz nature of the 
perturbation is preserved along the KAM iteration (with slightly modified parameters) because the 
class of quasi-Toplitz vector fields is closed with respect to 

1. Lie bracket (Proposition [231, 

2. Lie scries (Proposition [221), 

3. Solution of the homological equation fProposition 15 .3|) . 

which are the operations along the KAM iterative scheme. 

An important difference with respect to [4] is that we do not require the conservation of momentum, 
and so Theorem 14 . 1 1 applies to the DNLW equation (|1.2p where the nonlinearity g may depend on the 
space variable x. The properties of quasi-Topliz functions as introduced in f31j . [3], strongly rely on 
the conservation of momentum. However, we remark that the concept of momentum of a vector field 
is always well defined (see Definition 12.31) . Then we overcome the impasse of the non-conservation of 
momentum introducing the a-weighted majorant norm for vector fields fDefinition l2.4p which penalizes 
the high- momentum monomials (see (j2.38p ). Hence only the low-momentum monomials vector fields 
are relevant. This fact is crucial, in particular, in order to prove that the class of quasi-Toplitz vector 
fields is closed with respect to Lie brackets (Proposition 13. ip . 
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Finally, concerning the KAM iteration, we note that we do not follow the same quadratic scheme 
of [3] for the Hamiltonian case, but a scheme similar to Moser [37] where we eliminate all the linear 
terms in (y, z, z), see Definition l2.6l Actually, for a non Hamiltonian system it is more natural to treat 
the variables (j/, z, z) at the same level: this is realized assigning the same "degree" to these variables, 
see section 



1.3 Non existence of quasi-periodic solutions for DNLW 

We now consider different nonlinearities for which we can exclude the existence of non-trivial quasi- 
periodic solutions. 

Proposition 1.1. Let p E N be odd. The DNLW equations 

y« - yxx = y^ + /(y) , xeT, (1.40) 

ytt-yxx = ax(yP) + /(y), xeT, (1.41) 

have no smooth quasi-periodic solutions except for trivial periodic solutions of the form y(t,x) ~ c{t). 
Ln particular / = implies c(t) = const. 

Proof. We claim that the function M{y, v) := / yx v dx is a Lyapunov function for both p.40p and 
(|1.4ip where yt = v. Indeed, along a smooth solution of (|1.40p we have 



|M(y,v) 



/ (c'tyx)v + yx vt dx = / ((9xv)v + yx(yxx + Yx + /(y)) dx 
I dJ^-^^ + F{y))dx+ f yP+'dx^ f y^+Ux . 

JT ^ ^ ^ JT JT 



As a consequence M(y,v) is strictly decreasing along the solutions of (|1.40l) unless yx(t,x) = 0, Vt, 
namely y{t,x) = c. Indeed, if there is a periodic solution (y(t, x), v(i, x)) of (|1.40p . with period T, 
then ^ 

= / ( / yP+\t,x)dx)dt / yP+i(t,x)dx = 0, Vte[0,T], 

JO ^JT ' JT 

because p-l- 1 is even. Hence Vt G [0, T], yx{t, x) = 0, Vx G T, and we conclude y{t, x) = c{t). Similarly 
we exclude the existence of quasi-periodic solutions, since we would have r„ — > +oo such that 



lim / " f / yP+\t,x)dx)dt = 0. 



Similarly, along a solution of (|1.4ip we derive, setting g(y) = y^, 

f 

T 



^-M(y,v)= / yig'{y)dx 



and we conclude as above because g'{y) = py^ ^ > 0, Vy 7^ 0. ■ 

For wave equations, the role of the space variable x and time variable t is symmetric. A term like 
yf for an odd p is a friction term which destroys the existence of quasi-periodic solutions. 

Proposition 1.2. Let p £N be odd. The DNLW equation 

ytt - yxx = yf + /(y) , xgT, (1.42) 

has no smooth quasi-periodic solutions except except for trivial periodic solutions of the form y{t, x) = 
c(x). In particular f = implies c(x) = const. 
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f ^ y 

Proof. The function H{y, v) := / — + — F{y) dx (i.e. the Hamiltonian for the semihnear wave 
equation) is a Lyapunov function for (jl.42p . Indeed, along a smooth solution of (jl.42p we get 



d_ 

dt 



iJ(y,v)= fvP+Ux. 
Jt 



We conclude as above that yt{t, x) = 0, Vt, x, and so y = c(x). ■ 

The mass term my could be necessary to have existence of quasi-periodic solutions. 

Proposition 1.3. The derivative NLW equation 

ytt-yxx = y?, xeT, (1.43) 

has no smooth solutions defined for all times except the constants. 
Proof. We decompose the solution 

y(i,x) = yo(t) + y(t,x) where yo / y{t,x)dx and y := y - yo 

JT 

has zero average in x. Then, projecting (|1.43l) on the constants, we get 

yo= / Ytdx^ / (yo + yt)^dx = yg + 2yo / ytdx + / y^dx = y^ + / y^dx > yg . (1.44) 

JT JT JT JT JT 

Hence vo := yo satisfies vq > Vg which blows up unless vo = 0. But, in this case, (|1.44p implies that 
yt{t,x) = 0, Vx. Hence y{t,x) = y(x) and p.43|) (and x e T) imply that y(t,x) = const. ■ 

For more general even power nonlinearities (both in yx and yt) the mass term my (as well as any 
term depending on y) could be necessary to allow the existence of quasi-periodic solutions: 

Proposition 1.4. Let p,q € N be even. Then the derivative NLW equations 

ytt-yxx = y^ xeT, (1.45) 
Ytt - yxx = yf , ytt - yxx y? + y? , x e T , 

have no smooth periodic/quasi-periodic solutions except the constants. 

Proof. Let us consider for example (|1.45l) . If there exists a periodic solution {y{t,x),v{t,x)) of 
p.45p . with period T, then 

T 



/ / (ytt - yxx)dtdx = 0= f f yP(t, x)dxdt . 
Jo Jt Jo Jt 



Hence, Vt £ [0,T], yP{t,x) = 0, Vx e T (because p is even). Hence yx(t,x) = 0, Vx e T, that is 
y(t, x) = c{t). Inserting in the equation (|1.45p we get Ctt{t) = 0. Therefore c{t) = a + bt and the only 
one which is periodic has & = 0. For quasi-periodic solutions the argument is the same. ■ 

We finally remark that all the solutions of the DNLW equation 

ytt - yxx = y? - y^ xeT, (1.46) 

(whose nonlinearity satisfies the "null-condition") are 27r-periodic in time. Indeed we check that 

y = -ln(a(t + x)+/3(t-x)), a(t + x) 4- /3(t - x) > (1.47) 

are all the solutions of (|1.46p . The periodicity condition in space x e T implies that q;(-),/3(-) are 
27r-periodic. Hence all the solutions (|1.47p are 2tt periodic. 
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2 Vector fields formalism 



In this section wc introduce the main properties of the vector fields that we shah use along the paper 
(commutators, momentum, norms, reversibility, degree, ...). We shall refer often to section 2 of 
The first difference between the present paper and [1] (which applies to Hamiltonian systems) is that 
wc have to work always at the level of vector fields (reversible, see section 12. 5|) and not of functions 
(Hamiltonians) . An important novelty of this section is the introduction of the a- weighted majorant 
norm (Definition 12. 4p which enables to deal with vector fields without requiring the conservation of 
momentum as in [3]. Finally, we note that the vector fields that wc aim to eliminate along the KAM 
iteration (see Definition I2.6p are different than in the Hamiltonian case [3]. 

2.1 Functional setting 

For I C Z (possibly empty) and a > 0,p > 1/2, we define the Hilbert space 

^i" {z - {^,},eAX: e C : \\z\\l^ ^ l^.f e^^l^'l (jf^ < oo} (2.1) 

that, when Z = 0, wc denote more simply by £°''^. Let n be the cardinality of I. We consider 

V := C" X C" X X (2.2) 
(denoted by £' in [3]) with (s, r)-weighted norm 

/ -\ ^ II II n II II II 2; oo \y\l \\Z\\a,p \\Z\\a,p o\ 

V = [x, y,z,z) £V , \\v\\v := w U.r K' y,s.r = + ^ (2-3) 

s 7'^ r r 

n 

where < s,r < 1, and |a;|oo := max \xh\, \y\i '■— } \yh\- For all s' < s, r' < r, 

h=l 

\\v\U,y < max{s/s', (r/r')'}||«||s.r • (2.4) 
Notice that z and z arc independent complex variables. We shall also use the notation 

Zj' = Zj , Zj = Zj , 

and we denote the set of variables 

V := . .,x„,2/i, . . .,y„, . . . ,2:^,. . . . . I , jeZ\I. (2.5) 

As phase space, we define the toroidal domain 

D{s, r) := X D{r) x B,,2 x Br x Br C V (2.6) 

where D{r) := Br2 x Br x Br, 

:= |a; e C" : ^ nrax |Imx,,| < s| , 5^2 |y G C" : < r^j (2.7) 

and Br C is the open ball of radius r centered at zero. Wc think T" as the n-dimensional torus 
T" := 27rK"/Z", namely / : D{s, r) — >■ C means that / is 27r-periodic in each x/j-variable, h = 1, . . . ,n. 
If n = then Dis, r) = Br x Br C 1"'^ x i^'P. 

Remark 2.1. Let us explain the ehoice of the "scaling" in (|2.3p . (j2.6p . We want to prove persistence 
of elliptic tori for perturbation of the integrable system x = to, y = 0, Zj = —ifljZj, Zj = i^jZj (recall 
(|1.34p ). Then it is natural that the variables z and z have the same scaling factor r while the variables 
y have a smaller scaling factor r' . We choose r' = r^ since in the application to the DNLW y is an 
action variable, namely it has the same "dimension" of zz, recall (|1.33p . 
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Wc introduce the "real" phase space 

R{s,r) -.^ ^^v = {x,y,z+,z-) e D{s,r) : x € T" , y € R" , 1+ = z" | (2.8) 

where z+ is the complex conjugate of . 

2.2 Formal vector fields 

Along this paper we consider vector fields of the form 

X{v) = e V (2.9) 

whcrcw e D{s,r) and X'-'^^v), X^y\v) G C", X*^' (u), X^*' (u) G 4'^. We shall also use the differential 
geometry notation 

x{v) = + x'-y^dy + x^^'^d, + x'-^'^d-, = J2 ^^"^^^ (2.10) 

(recall (|2.5p ) where 

n 

and similarly for X^y^dy,X'^'''^d,,X'-^'^dg. Equivalently we write 

Xiv) = (x^^\v)) . (2.11) 
Each component is a formal scalar power scries with infinitely many variables 

with coefficients X^.^^^ « /j S C and multi-indices in 

I := Z" X N" X N(^\^) X N(^\^) (2.13) 

where 

{a := (aj)jez\i G with |a| := ^ < +00} . (2.14) 

In (|2.12p wc use the standard multi-indices notation z"z^ n^g^vi ^^^^ • 

We recall that a formal series Ck,i,a,^, Ck,i,a.p G C, is absolutely convergent if the function 

(fe,i,a,^)el 

I 3 {k,i,a,l3) I— >■ Ck,i,a,i3 e C is in L^(I, /n) where /x is the counting measure of I. Then we set 

Ck,i,a,P ■= Ck,i.a,P dfX . (2.15) 
(fe,i,a,/3)Gl " 

We consider monomial vector fields having all components zero, except one, which is a scalar monomial 

mk,^,o.Av)-=e"'-^fz''zP. (2.16) 
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Definition 2.1. (monomial vector field) A monomial vector field is vnk,i,a.i3-y{v) where 

mk^t,a^P;v'{v) = mk,t^a.f)iv)d^> := e'''-'-'y'z"z^d^' . (2.17) 

Each component is 

(v) / ^ _ / e"^-^y*z"z'3 if V = v' 



otherwise . 



Then a vector field X in (|2.10p is decomposed as a formal series of vector field monomials with 
coefficients in C: 

X{v)^Y. E 4:i..,m^..-./3;v(-)==E E 45.a.,e"^'-^y^^"--"5v. (2.18) 

For a subset of indices / C I x V we define the projection 

{njX){v):= 4:io./3e"=-^y'^^"5^5.. (2.19) 

For any subset of indices /, /' C I x V we have 

n/Hj. = n/n/' = n/-n/. (2.20) 

Note that a projection on an index set corresponds to the projection on the space generated by 
the corresponding monomial vector fields. 

Definition 2.2. The formal vector field X is absolutely convergent in V (with norm p.3p ) at v € V 
if every component X^''^{v), v G V, is absolutely convergent in v (see (|2.15p ] and 



< +00 . 

V 



The commutator (or Lie bracket) of two vector fields is 

[X, Y]{v) := dX{v)[Y{v)] - dY{v)[X{v)] (2.21) 

namely, its v-component is 

[X, y] W = a^X^^V^'^ - S^'F^^^X^^') . (2.22) 
v'ev 

Fixed a set of indices 

2::={ji,---Jn}cZ, (2.23) 
we set j := (ji, . . . , j„) G Z" and we define the momentum vector Held 



Xm := (^j , 0, . . . , \jzj, -ijzj, ... j , j eZ\I. 
Definition 2.3. The momentum of the vector field monomial mk.i, a. i3;v is 

7r(fc,a,/3;v):=( . v e {zi, . . . , yi, . . . , y„} 

where 

n 

7r(fc,a,/3) := ^ j.fc. + J2 " ^^j)^' (^.25) 
zs the momentum of the scalar monomial vnk.i,a.^iv) . 
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The monomial vector fields mk,i,a,i3;v are eigenvectors, with eigenvalues i7r(fc, a, v), of the adjoint 
action a,dxM of the momentum vector field Xm- This shows the convenience of the exponential basis. 

Lemma 2.1. The commutator 

Proof. By (P?^ with Y = Xm we have d^>Y'^^'> = iaj if v = v' = zj and otherwise. ■ 

We say that a monomial vector field mk^i,a,i3-v satisfies momentum conservation if and only if 
7r(fc, a,/3;v) = 0. Similarly, a vector field X satisfies momentum conservation if and only if it is a 
linear combination of monomial vector fields with zero momentum, i.e. it commutes with Xm- 

2.3 Weighted majorant norm 

In the following we consider a new parameter a > 0. Given a formal vector field X as in (j2.18|) we 
define its "a-weighted majorant" vector field 

iA'UX)iv):=Y, J2 e^'"^'''"'^''^'l41a./3le'''"y'2"^''av (2.26) 

vGV (fc,i,Q,/3)Gl 

where 7r(fc,a,/3;v) is the momentum of the monomial mk.i,a.i3-v defined in (j2.24[) . When a = we 
simply write MX instead of MqX, which coincides with the majorant vector field introduced in [3]- 
section 2.1.2, see also [5]. The role of the weight e^''^^'^'"''^'^^' is to "penalize" the high momentum 
monomials. This is evident from (|2.38p which will be exploited in Lemma 13.11 to neglect the high 
momentum monomial vector fields, slightly decreasing the parameter a. 

Definition 2.4. (a-weighted majorant-norm) The a-weighted majorant norm of a formal vector 
field X as in (|2.18p is 



sup ( ^ e-l-(^---^-)l|xW„^|el'=ll2/'||z"||z^|) . (2.27) 



When a = the norm j| • j|s,r,o coincides with the "majorant norm" introduced in [3]-Definition 
2.6 (where it was simply denoted by || • |js,r)- By ((2?27l) and ((2?26| we get 

||^||.,r,a= p/a^!|.,,r.O. (2.28) 

Remark 2.2. Relation (|2.28p makes evident that the norm \\ ■ ||s,r,a satisfies the same properties of 
the majorant norm \\ ■ \\s,r,o- Then the following lemmata on the a-weighted majorant-norm \\ ■ ||s,r,a 
follow by the analogous lemmata of for the majorant norm \\ ■ \\s.r,o- 

For an absolutely convergent vector field X : D(s,r) V wc define the sup-norm 

\X\s,r-= sup \\X{v)\\v,s,r- (2.29) 
v£D{s,r) 

Lemma 2.2. Assume that for some s,r > 0, a > 0, the weighted majorant-norm 

li^lU.r.a < +0O. (2.30) 

Then the series in (j2.18p . resp. (|2.26p . absolutely converge to the analytic vector field X(v), resp. 
Mi^X^v), for every v G D{s,r). Moreover 

\XUr, \M,XUr < \\X\\s,r..- (2.31) 
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Then wc consider the following Banach subspaccs of analytic vector fields 
Vs,r.a : D{s,r) V with norm ||X||s.j.,a < +oo| 

and, for /i e Z, 

7T{k,cx./3-.v) — h 

For a vector field X G Vs.r,a(/i) we define its momentum n{X) = h. 

Lemma 2.3. Let X,Y have momentum tt{X), 7t{Y), respectively. Then t:{[X,Y]) = t:{X) + 7t{Y). 
Finally we consider a family of vector fields 

X : Dis,r) xO (2.32) 
depending on parameters ^ G O C M". For A > 0, we define the A- weighted Lipschitz norm 

ll^llt,a,o ll^llt,a := \\X\\s^r..^o + M\X\\Z.,^o (2-33) 
:= sup||X(0||..,a + A sup \\^(0-XmUr,. 



and we set 



s,r,a 



Note that, if X is independent of ^, then H-'^lls ra = ll-'^lls.r.a! VA. 
The II • llsra norm behaves well under projections, see (|2.19[) . 

Lemma 2.4. (Projection) V/ Cl x V we have ||n/X||,,,r,a < ||^|U,r,a and Hn/XH'jP^^ < ||X||';p_^. 
Important particular cases are the "ultraviolet" projection 

(n|fe|>^X)(«) J2 n|,|<;, :==Id-n|fe|>^ (2.34) 

\k\>K,i.a,l3 

and the "high momentum" projection 

m^\>KX){v) := Yl 42a,/3 e""y'^"^''5v , n|,|<K:=id-n|,j>^. (2.35) 

\Tr(k,a.l3:v)\>K 

We also define a further projection Ildiag by linearity, setting 

{mk,i,a,p;v if = 0, i = 0, Q' = Cj, (3 = 0, v = , j G Z \ I 
mk,i,a,i3;v if = 0, i = 0, a = 0, P = e^, v = Zj, j eZ\I (2.36) 
otherwise. 

By (|2.27p following smoothing estimates hold: 
Lemma 2.5. (Smoothing) V/v > 1 and A > 

l|n|,|>K^||^,.,a < ^e-^(^-^')||X||^,,,,, yO<s'<s (2.37) 
||n|.|>KX||t,a' < e-^'^'"^')||X||^_,^3,, VO<a'<a. (2.38) 

The space of analytic vector fields with finite a-weighted majorant norm is a Lie algebra: 
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Proposition 2.1. (Commutator) Let X,Y e V^,. ^. Then, for A > 0, r/2 < r' < r, s/2 < s' < s, 

, < 22"+^<5-ii|X||t,arilt.a (2.39) 
where ^ ^ 

(5:=niin|l-^,l-^|. (2.40) 

Proof. The proof of 

||[^,>^]||.s',r',a < 2^''+H-'\\X\U^rAy\\s.r,. (2.41) 

follows as in Lemma 2.15, by exploiting Lemma [^751 Then 

II [X, Ym - [X, r](ry)|U,,., a = [XiO ~ Xirj), YiO] + [X(ry), r(0 - Yirj)] 



< 

imi. 12331 



[X{0-X{r^),YiO] + [X(r,),r(C)-y(r?) 

< 22"+35-i|e-r;|(||x||i'p,j|r||,,,,a + ||y||i'p,j|x||3,,^^ 

and (|2.39p follows taking the supremum in the parameters. ■ 

Given a vector field X, its transformed field under the time 1 flow generated by Y is 

.ady^ = Aady^ . adyX := [X, Y] , (2.42) 

k>0 

where ady := ady~^ady and ady := Id. 
Proposition 2.2. (FWs) Let A > 0, r/2 < r' < r, s/2 < s' < s, and Y e V^^^.^ with 

ril^,,,a<^:=V(2'"+'e) (2.43) 

and S defined in (|2.40p . T/ien i/ie time 1 flow generated by Y maps D{s',r') — > D(s,r) and, for all 
X G V^ra; transformed vector field e^'^^ X e V^/ ^ satisfies 

lle^'i-Xll^, < "^J;;:';^ . (2.44) 

We conclude this section with two simple lemmata. 
Lemma 2.6. Let P = ^ Pk,t,a,f};^e'^'''y' z°'z'^ and | Afc,,;,c«,/J;v| > 7(fc)"^, V|fc| < K,i,a,l3,v. 

\k\<K,i,a,P 

Then 

p,_ J2 ^fc.^o,,3;v ^ik-XyZ^o.-f3g^ satisfies 1 1 i^| | s,r.a < 7^ ^ A'^ 1 1 i^l | s.r.a • 

Lemma 2.7. Let P ^ ^ ^'j^j^^, w^^/i ll^'llr < oo. Then \Pj\ < \\P\\r and \PjfP < \\P\\r^. An 

analogous statement holds for P = PjZjdzj- 

jez\x 

Proof. Bv Definition 12.41 we have 

||P||2 = 2 sup \Ph\'^-^e''^^'^Hh)'P>\P,\' 

by evaluating at zj/' :— SjiiC"""^^^ {j)^r / y/2. Applying the above estimates to P' , where P' := P{0 ^ 
= E i^i^^^ - PM)^A.^ wc get \P,iO - Pjiv)\/\^ -V\< \m) - Pmrm - '/I; then the 

Lipschitz estimate follows. ■ 
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2.4 Degree decomposition 

We now define the terms of the vector field that we aim to ehminate along the KAM iteration. 
Definition 2.5. The degree of the monomial vector field mk.i,a.p--j is 

d(m,,,„.^;.):=H + |a| + |/3|-d(v) where d(v) | J otherwist ' ' ' ' """^ 

This notion naturally extends to any vector field by monomial decomposition. We say that a vector 
field has degree h if it is an absolutely convergent combination of monomial vector fields of degree h. 
We explicit the degrees of the basic vector field monomials d{dx) = 0, d[dy) = d{dz-) = d{dzj) = —1. 
The degree d gives to the analytic vector fields the structure of a graded Lie algebra, because, given 
two vector fields X, Y of degree respectively d{X) and d{Y), then 

di[X,Y])=d{X)+d{Y). (2.45) 

For X € Vs.r.a we define the homogeneous component of degree I S N, 

X«:=n«X:- 45,a,/3 e''-"y'z"z''9v . (2.46) 

|l| + |Q| + |/3|-d(v) = i 

We also set 

^<o _^(-i)_^^(o)^ (2.47) 
The above projector !['■'■' has the form 11/, see (|2.19p . for a suitable subset / C I x V. 
Definition 2.6. We denote by TZ-^ the vector fields with degree < 0. Using the compact notation 

u := {y,z,z) = {y,z+,z~) , 

a vector field in TZ~^ writes 

i? = i?<o = + i?(o) , i?"(x)au , =i?"(x)a, +i?"^"(x)u9,, (2.48) 

where 

R^x) G C" , i?"^ e C" X i^^P X , i?'^'"(x) e £(€" x i^^^ x 4'^) . (2.49) 
In more extended notation 

R'{x)du = Ry{x)dy + R'{x)dz + R^{x)di 
i?"''^(a;)u5u = {Ry'y{x)y + i?^'^(a;)z + Ry'\x)z)dy + {R'-y{x)y + R'-'ix)z + R''-\x)z)dz 

+ {R^^y{x)y + R'^'^{x)z + R^-^x)z)dz . (2.50) 

The terms of the vector field that we want to eliminate (or normalize) along the KAM iteration 
are those in TZ-°. The graded Lie algebra property (|2.45p implies that 7?.-° is closed by Lie bracket: 

Lemma 2.8. IfX,Ye 71-° then [X,Y] e 7^-°. 

The above observation is useful for analyzing the new normal form along the KAM step. 

Remark 2.3. In the Hamiltonian KAM theorem we do not eliminate the terms R^'^ (x)ydz, 
R^'^ {x)ydz and instead we remove R^'^^{x)z^dy. Actually also without eliminating the terms R^'^ {x)ydz, 
R^'^ {x)ydz, the KAM scheme would be quadratic. In any case it is free to remove such terms. We 
follow 
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2.5 Reversible, real-coefRcients, real-on-real, even, vector fields 

We now define the class of reversible/ anti-reversible vector fields, see 

Definition 2.7. (Reversibility) A vector field X = (X^^^^ X^^^ X'^^ X^^') (see ([231); is re- 
versible with respect to an involution S ( namely — I) if 

X o S ^ -S o X . (2.51) 

A vector field Y is ANTI-REVERSIBLE if 

YoS = SoY. (2.52) 

When the set I is symmetric as in (|1.32p and S is the involution in (|1.35p . a vector field X is 
reversible if its coefficients (see (|2.12p ') satisfy 

r x^^l,^^ if v = x,, J el, 
41,, = if - = (2.53) 

where 

k := {k^j)jex , i ■= , $ ■= (/^-i)jez\i , « := (a-i)jez\i , v := (v_j)jgz • (2.54) 

Clearly Y is anti-reversible if 

y^!-'"^. if v==zf, 

Definition 2.8. (real-coefficients) vector field 

is called "REAL-COEFFICIENTS " if the Taylor- Fourier coefficients o/ iX^^\ iX^^^\ iX^^ ^ are 
real The vector field X is called "anti-real-COEFFICIENTS " if iX is real- coefficients. 

Definition 2.9. (real-on-real) A vector field X : D{s,r) V is real-ON-real if 



X^'''>{v)=X('=){v), X'^y\v) = Xiy){v), X'-'- '(w) =X(^+)(w), \fveR{s,r), (2.56) 
where R(s,r) is defined in (j2.8p . 

On the coefficients in (|2.12p the real-ON-real condition amounts to 

-7^7) _ / -^-l»,/3.a if ve {xi,...,a;„,yi,...,y„} 

^fc.i.a., - \ izj') ■ , (2.57) 

Definition 2.10. (Even) A vector field X is "even" if X : E ^ E (see (fOS)) ]. 

On the coefficients in p.l2p the above parity condition amounts to 

41«,/5 = 41,j (seeS). (2.58) 



19 



Lemma 2.9. Let X , Y be vector fields. 

1. If X is reversible and Y is anti-reversible then the commutator vector field [X,Y] is reversible 
as well as the transformed vector field e'^'^^ X (recall (j2.42p ). 

2. If X, resp. Y , is real- coefficients, resp. anti-real- coefficients, then [X,Y], e'^'^^X are real- 
coefficients, 

3. If X,Y are real-on-real, then [X,Y], e^'^^ X are real-on-real, 
4- If X,Y are even then [X,Y], e^'^^ X are even. 

Proof. Let us prove the first case. We have by (|2.5ip . (|2.52p that 

[X, Y]{Sv) ^ DX{Sv)[Y{Sv)] - DY{Sv)[X{Sv)] = DX{Sv)[SY{v)] + DY{Sv)[SX{v)] . (2.59) 

Now, differentiating (I^TKTI) . (1^3^ . we get DX{Sv)[Sh] = -SDX{v)[h], DY{Sv)[Sh] = SDY{v)[h], 
yv, h Hence, inserting in (|2.59p we get 

[X,Y]iSv) = -SDX{v)[Y{v)] + SDY{v)[Xiv)] = -S[X,Y]iv) 

namely [^,5^] is reversible. Iterating in (|2.42p . we get that e^'^^' X is reversible. 
The other cases follow similarly from the Definitions 12.8112. lOl ■ 

Definition 2.11. We denote by 

• H-rev the vector fields which are reversible (Definition \2.7^ real- coefficients fDefinition \2. 8\) . real- 
on-real fDefinition \2.9\) and even fDefinition \2.10\) . 

• T^a-rev the vector fields which are anti-reversible, anti-real- coefficients, real-on-real and even. 

• 7e4° := Urev n 7e^° and nf\.^^ := Ua-rev n 7^^°. 
Lemma 12.91 immediatelv implies 

Lemma 2.10. If X € TZrev and Y e TZa-rev then [X,Y], e""^"^ X € TZrev 

By ^M^, (PTT)) and ([^35)1 we immediately get (the space E was defined in 

XiE = =^ (X^")|£ = 0. (2.60) 
Lemma 2.11. If Xie = andY is even (defimtion[2J^, then {[X,Y])^j^ = 0, {e""^^ X)ie = 0. 
Proof. If w e i? we get 

[X,Y]{v) ^ dX{v)[Y{v)] = 4- X(v + sY{v)) = 0, 

as\s=o 

since v + sY(v) e E. The statement on the Lie series follows by induction from (|2.42p . ■ 

3 Quasi-Toplitz vector fields 

Let iVo e N, 6*, € M be parameters such that 

l<e',^<6, 12N^-'^ + 2kNI;-^ < 1 , K;=max|ji|, (3.1) 

l<l<n 

(the ji are defined in (|2.23p ) where 

0<b<L<l . (3.2) 



20 



In the following wc will always take 

N>No. (3.3) 

For a scalar function / : D{s, r) — > C let 

||/||.,.,a:= sup e^'"'"'^''^'l/M.a,/3|e''"ly'IN"ll^^l- (3-4) 

Definition 3.1. A scalar monomial e^^'^]/ z°'z^ is (A^, /i)-low momentum if 

|A:|<7V^ a + /3 = 7 with < l^^^ ■ (3-5) 

An (N, fi)-low momentum scalar monomial is {N, fi, h)-lo'w if 

|7r(fc, a, /3) - /i| < iV^ (3.6) 

We denote by A^^J^N^^), respectively ^ ^{N, ii, h), the closure of the space of (N, ii)-low, resp. 
{N , ii,h)-low, scalar monomials in the norm \\ \\s,r,& in (|3.4p . 

The projection on A^ ^ ^^{N, fi, h) will he denoted by H^''^. Note that it is a projection (see (j2.19p ] on 
the subset of indexes / C I satisfying p.5[) and p.6p . 

Clearly, the momentum (|2.25p of a scalar monomial m(fc,i,a,/3), which is (A^, /x)-low momentum, 
satisfies 

EIJ-GIl} 

|7r(fc,a,/?)| < KN'' + fiN^. 
Hence a scalar monomial m(fc, i, a, j3) may be {N, fi, /i)-low only if 

\h\<\TT{k,a,l3)\+N'' < fiN^ + {k + 1)N'' < N. (3.7) 

In particular 

A^^^JN,^l,h) = (i), y\h\>N. (3.8) 
Definition 3.2. A vector field monomial m{k,i, a, is 

• (iV,/.)-low tf 

|7r(fc,a,^;v)|,|fc| <iV\ a + /? = 7 with ^ 1%, < /iiV-^ . (3.9) 

• (A'', 6, /i)— linear if 

v = z^, |7r(fc,a,/3;v)|, <iV^ a + ^ = e„ + 7 with |m|,|n| >07V, ^ \l\ji < fiN^ . (3.10) 

iez\i 

FFe denote by V^^ a(-^: m); respectively Cs^r,a.iN, 9, the closure in Vs.r,^ of the vector space generated 
by the {N, fj,)-low, respectively {N, 9, ^) -linear, monomial vector fields. The elements of Vg ^ J^N, 
resp. Cs^r.a.{N,9, are called {N, ^) -low, resp. (N, 9, n) -linear, vector fields. 

The projections onV^,^J^N,^), resp. Cs^r.aiN,9, n), are denoted by H^^^, resp. IlArg^. Explicitely 
n^ ^j and njv,e.^t, are the projections (see (|2.19p ) on the subsets of indexes / C I x V satisfying (|3.9p 
and p.lOp respectively. 
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By Definition IJ^L^ and dMI, a vector field X e V^,. ^{N,fi) has components x'-''"^\ X'^^'^'^ £ 
A^^j.^^{N,^j.,0) and X^^™) e y^f ,.^^(iV, ^, am). Moreover, by ((XTUI and ([53)) . a 6*, /x)-finear vector 
field X € Cs^r,SL{N, 9, /i) has the form 

X(z;)= E ^.>(«)<'^-™ ^here X^j;;^ e A^^JN, ^i,am - a'n) . (3.11) 

Remark 3.1. By Definition \3.1\ and p.ip . the coefficients X^;"^(v) in p. lip do not depend on Zj,Zj 
with \j\ > 6N^. 

Here and in the following s(m) := sign(m). 

Lemma 3.1. Let X € Cs^r,a.{N,0, Then the coefficients in p. Ill) satisfy 

X^;™ =0 ij as{m) = -CT's(n). (3.12) 

1IXT21 t3TTot txn , 

Proof. Bv ([5^ and [gm - (j'n\ |m| + \n\ > 26'iV > we get yt^^ ^(A^, fi, am — a'n) = 0. 
■ 

Lemma 3.2. ie^ mk.i,a.p be a scalar monomial (see (j2.16p ) smc/i i/iai 

a + /3=:7 with ^ \l\ji < 12N^ . (3.13) 

T/ien 

^ ^ [ otherwise. 

Proof. It directly follows by (IXI|)-(IS31), and ([XTU)) . ■ 

3.1 Toplitz vector fields 

We define the subclass of {N, 6, fi)-\meai vector fields which are Toplitz. 

Definition 3.3. (Toplitz vector field) A {N, 6, fi)-linear vector field X e Cs.r,a.{N, 6, ji) is {N, 9, 
Toplitz if the coefficients in p. lip have the form 

X^;™ = X^,{s{m),am- a'n) for some X^,{c^,h) G A^^^,^{N, fi,h) (3.14) 

and <; € {+, — } , /i G Z. We denote by 

the space of the (N, 8, fi)- Toplitz vector fields. 

Lemma 3.3. Consider X,Y <E Ts,r,a{N,9,^) and W G Vs^r,^{N,^i) with 1 < < 6. For all 

< s' < s , < r' < r and 9' > 9, fi' < fi one has 

IlN,9',^.' [X, W] G Ts',r'AN, e\ fi') . (3.15) 

// moreover 

HN^ + {k + l)N^ < [9' - 9)N (3.16) 

then 

njv.e'.^' [X, Y] G Ts-,-AN. 0'. A*') ■ (3.17) 
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Proof of ((XT5|) . By definition (recall ((XTU)) ) we have that X^^\X^y^ and X*^™' vanish if |m| < ^iV. 
Arguing as in p.7p we have that W^^j = if |j| > HiN^ + (k + l)Af''. Note that only the components 
[X, withv = z^ and|m| > 617V contribute to nAr,^',^' [X, M^]. Noting that 6'iV > fiiN^ + {k+1)N'' 

(by ([311]) and ([331)) we have 

=c),x("™)W^(")+a„X«"%(^)+ y d.'iX^'^^w'-'^'K (3.18) 

Z — ^ j 

ai,\j\<fiiN^+KN'' 

By p. lip and p.l4p we get X'-^™'' = X^, (s(m), crm — cr'ri)z,'^ . Let us consider the first term 

a-',\n\>eN 

of the right hand side of (1X151) . Since X^,{s{m),am ~ a'n), W^'^'^ G ylf ,, jX,Ai) (recaU (|5Ta ). all 
the monomials in d^X'^ii^sim)^ crm - CT'n)M^(^) satisfy ([XTO)) . By LemmaO we have 

5.., if \m\>Q'N 

a' \n\>B'N 

otherwise, 



where (J^;™ := n^^^"'^'" (d^X^, {s{m),am - a'n)W^^ 



It is immediate to see that ?7^,'™ satisfy p.l4p . The other terms in p.lSp are analogous. p.lSp follows. 
Proof of (|XT7)) . We have by ^(TTI^ 

[X,Y]=: Z - Z' , where ^ ( (3-19) 

cr,|m|>6IAr cri,|j|>ejV 

and Z' is analogous exchanging the role of X and y. We have to prove that Iljv^e'^^/Z e Ts',r',a.iN,0' , ^'). 
By ((XTT|) and (jXTil) we get 

E E ^;i(s(m),am-aij)i;?(s(j),^ij-a'n)z^'. 

cri,|j|>0Ar a' ,\n\>eN 

Since both (s(to), crm - aij) and F^? (s(j), di j - cr'n) belong to A^^^^^iN , fj.) (recah (|3TT4l) ). all 
the monomials in their product satisfy p.l3p . By Lemma [3.21 we get 

UN,e',fj.'Z^ ^ Z^;"^z^ d^o^ 

<T,a', |m|,|ri|>e'Af 

where 

E ^;,(s(™),^m-aij)i;?(s(j),aij-a'n)). (3.20) 

cri,\j\>eN 

Note that X"^'"^^ {s{m), am — aij) e A^{N, fj,,am — crij), formula p.7p and condition p.l6p imply 
that if |m| > O'N then automatically |j| > |m| - |ctto - aij\ > 6'N - /iX"^ - (k + 1)7V'' > e'X or 
X'^''^^{s{m),am — aij) = 0. Then the summation in p.20p runs over j € Z. By p.l2p we have 
s{j) = CT(7is(m). Therefore 

K'"n '■= n^;'^™"" " ( E {aais{m),am - an - h) 

a I .h 

satisfying ((XTi)) . ■ 
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3.2 Quasi-Toplitz vector fields 

Given a vector field X e V^.r.a and a Toplitz vector X E Ts,r,3.{N,d, ij,) we define 

X -.^ NiUNM,^.X - X) . (3.21) 

Definition 3.4. (Quasi-Toplitz) A vector field X G V^.r.a is called {Nq, 9, quasi- Toplitz if the 
quasi-Toplitz norm 



N>No 



mi (max{|lX|U.,,a,|ll|l,,,..a,|ll|U,,..a})l (3.22) 



is finite. We define 

In other words, a vector field X is (A'o, 6*, yLt)-quasi-T6plitz with norm \\X\\J^^ if, for aU N > Nq, 
Ve > 0, there is X S Ts.r,a.{N,6, fi) such that 

nN,e,t.X ^X + N-'X and \\X\Ur,., \\X\Ur,., \\X\Ur,. < \\X\\l,^, + e . (3.23) 

We call X g Ts,r.a.{N,6, fi) a Toplitz approximation" of X and X the Toplitz- defect". Note that, by 
Definition [Q and (jXH]) nAr,^,^^ = ^, I^N,e,^LX = X. 
By the definition in p.22p we get 

\\X\Ur,.<\\X\\l,^,^^^^e.^,. (3.24) 
If s' <s,r' < r,a' < a, iV^ > No,0' >e,^l' <n then QI^ ,^{No,0,h) C Q^^^^.^a' (^o, 6"', m') and 

II • ll?,.',a',iv^.e'.M' < max{s/s', (r/r')'}|l • \\lr,.^No.e^,. ■ (3-25) 

Lemma 3.4. (Projections 1) Consider a subset of indices / C I x V (see (j2.13p . (|2.5p ) sitc/i t/iat 
t/ie projection ( see (j2.19p J maps 

Tli:%^rAN,0,fi)^%^rAN,0,fi), yN>No. (3.26) 

||n,x||^,,^, < \\x\\l,^,, yx G Ql,JNo,0,^l). (3.27) 

Moreover, if X G j. ^(No , 9 , ji) satisfies IliX = X, then, yN > Nq, Ve > 0, there exists a decompo- 
sition IlN,e,fiX ^ X + N~^X with a Toplitz approximation X G Ts, r, 3.(^,0, l^) satisfying HjX = X , 

UiX = X and \\X\\s^r,., ||l||..r,a < ll^lll.^a + £• 

Proof. By p.23p and (|2.20p (recall that Iljv.e.^ is a projection on an index subset, see Definition 



Un^9,^UiX = UiUn,9,^X = UjX + N-'UiX . (3.28) 

Assumption p.26p implies that HjX G Ts,r,a{N, 9, /x) and so IliX is a Toplitz approximation for HjX. 
Hence (P??7)) follows by 

Lcinm; BT^|[3T23t „ 

\\IllX\\s.r,.,\\njX\\,,r,,,\\niX\\s.r,. < ll^ll^.,a + e- 

Now, if UiX = X, then (|3^ shows that UiX (which satisfies Ili(UiX) = UiX), is a Toplitz 
approximation for X. ■ 



24 



Lemma 3.5. (Projections 2) For all I e N, K e N, > iVo, the projections (see ^L^, ((^31)) . 
(P35|) . map 

ir|<_fS-, Hdiag : Ts^r^niN, 6, fl) — !• Ts,r,3.{N, 6, fi) . (3.29) 

//^ e Ql,rA^o,0,fi) then, writing for brevity \\ ■ \\'^ || • \\J,r^^,.No.e.^l., 

lin(')xf , iinifeK^xf, ||n|,|<;,.xr,||ndiagX|r< ll^r, (3.30) 

\\X^Y, \\X-Xf,^^J^<\\Xf. (3.31) 
Moreover, VO < s' < s and VO < a' < a.' 



l|n|fc|>KX||J^,,,^^^^,^^ < e-^'(^-^')-||X|l^,,,^^^,,,^ (3.32) 

||n|7r|>K^||^,,,a',Wo,e,M - ^ ^ ^ll-'^llI^r%a',Afo,e,A' ■ (3.33) 

Proof. We prove p.29p for H^^^^^j the others are analogous. Since X E Ts,r,a.{N ,6, ^) then 
for some satisfying (j3.14p . Then 

r,'.'i',r"r>'eiv 

(recaU Definition 13. ip . Therefore 5^^^'™ satisfy (|3.14p and •= Ts.r.3.{N,6, fi). The estimates 

(11301)- (EMI) follow from and Lemma[Sl](in particular ([3^). The bounds p3^ - (p:^ follow 

by (|2.37p . (|2.38p and similar arguments. ■ 



Lemma 3.6. Assume that, yN > iV* > A^O; we have the decomposition 



Y = y;,+y;; with ||r^||^.a,iv.e.a < ^'i, N\\UNM,^Y;^\\s,r,.<K2. (3.34) 



Then |iy||^,,a,iV.,e,M < max{||y||,,,,a,A-i +/i2} 

'^^ N\\s.r,a.N.0,n 



Proof. By assumption, VA^ > N^, wc have \\Yl^\\'^_^.^j^_g^ < Ki. Then, Ve > 0, there exist 



e Ts,r,a{N, 9, fi) and Y^, such that 

IlN,e,t.Y;^ = Y;^ + N-'Y;, and |iy^|U,.,a, ||FAr|U,r,a < i^i + e • (3.35) 
Therefore, VN > N^, 

TlN,0,^,Y ^Yn + N-'Yn, fjv := , fjv := + ^Hjv.e.M^^ 
where Yn € Ts,r,a[N, 9, fi) and 

1X351 

||i^jv||.,r.a = ll^j^ll.^r.a < K^+S, (3.36) 



1X351 . 13341 

||lAr||,,,,a< !|yAr||..,r,a + Af||nAr.(,,^y^||,.,,a < Kl + E + K2 . (3.37) 

Then r e Ql,.jN^,e,^i) and 

ll^llIr,a,Af.,0,u < sup max{||y||s,r.a, ||yw|U,r,a, ||^w||s,r,a} 

■ JV>Af. 

I336l . l337l 

< max{||y||,,^,a,A'i + is:2 + e}. 

Since £ > is arbitrary the lemma follows. ■ 
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Proposition 3.1. (Lie bracket) Assume that G Ql^^{No,e,fi) and Ni > Nq, < fi, 

9i > 9, s/2 < Si < s, r/2 < ri < r, ai < a satisfy 

(k + i)Nl-^ <tJi- f^iNt'^ + (k + i)iv]'-i <ei-e, (3.38) 

27Vie-^i™{^-^i'-'-''i}/2 < 1, 6min{a-ai,s-si}Arf > 2. (3.39) 
Then G 2^,,,,,^! (^i, ^i, Mi) and 

\\[X^'\x'-'^]\\l,r,,.,,m,e.,,.<Cin^^^^ (3.40) 
where C{n) > 1 and 

J:=min(l-— ,1--].. (3.41) 
L s r J 

The proof is based on the fohowing purely algebraic lemma. 
Lemma 3.7. (Splitting lemma) Let X^'^\X^'^^ e Vs,r,a and ((H:^ hold. Then, for all N > Ni, 

IlN,e,^,,AX^'\X^^^^ (3.42) 



n 



N,ei4ii I 



Proof. We have 

= [n|fe|,|,|<^.x(i),n|,|,|,|<jv^x(2)] (3.43) 

>7V'' or |7r| 

The last two terms correspond to the last line in p.42p . We now study the first term in the right 
hand side of p.43p . It is sufficient to study the case where X^^\ /i = 1,2, are monomial vector fields 



mj,(h) .^(/i) (see 

^rn\) with |A:('')|,|^(m,,)| <iV^ /i = l,2, (3.44) 



and analyze under which conditions the projection ^Nfii.iii [ttii, 1112] is not zero. 

By the formula of the commutator (|2.22p and the definition of the projection HN,0l,^^l (see Defini- 
tion 13.21 in particular p.lOp ) we have to compute {D^xn[ )[m2] only for v' = z'^ with \m\ > 61N and 
V e V, sec ((^ . 

•) CASE 1: V ~ Xi or V = Tji. By (|3.10p . in order to have a non trivial projection TlN.ei,tJ.i (^v'Tii"')[nT2] 
it must be 

+ + ^(2) + /3(2) ^ + ^ ^ \n\>0iN, ^ |Z|7z < ^iTV^ . (3.45) 

We claim that 

+ f3(^) = e„ + 7(1) , + = ^(2) ^ ^ |;|^('') < ^.^^v^ , = 1, 2 , (3.46) 

;gz\x 

which implies that rrii is (A'', ^i, /ii)-linear (sec p.lOp '). hence (A'', 0, /Lt)-linear, and rri2 is (TV, /ii)-low 
(see (j3.9p ). hence {N, ^)-low. Thus Hat g^mi = mi and 11^ = Tn2 and we obtain the second (and 
third by commuting indices) term in the right hand side of p.42p . By p.45p . the other possibility 
instead of (|3.46p is 

^(1) + ^(1) = ^(1) ^ ^(2) ^(2) ^ ^ ~(2) ^ ^ |;|~(^) < ^^^L f^^^^2. (3.47) 
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In such a case, since |7r(m2)| < we get (recall m2 = m2 with v = x,y), 
7V^> |7r(fc(2)^^(2)^^(2))| y _ ^ |;|^(2)_^|fc(2)| ' ' ^^liV-z/iTV^-KTV" 

which contradicts p.ip . 

•) CASE 2: V = zj^ , i e Only for this case we use (|3.39p . In order to have a non trivial projection 

n7v,ei,/ji(-Dvmj'")[m2] it must be 

+ /3(i) + a(2) + ^(2) _ g^. ^ + ^ ^ |n|>0iiV, ^ |Z|7z < /iiTV^ . (3.48) 

We have the two following possible cases: 

+ ;3(i) = e^. + e„ + ^(1) , «(2) + ^(2) = ^(2) ^ ^ i^i^W < ^^^L , /i = 1, 2 (3.49) 



+ /?(!) = e^. + ^(1) , a(2) + /3(2) ^ e„ + 7('' , ^ 1^17^' < Mi^^ , = 1, 2 (3.50) 

/GZ\I 



where 7'^-' + 7'^-' = t"'^-* + 7'^-' = 7. Note that, since we differentiate mi with respect to v = zj^ the 
monomial mi must depend on zj^ and so the following case does not arise: 

+ ^(1) = ^(1) , + /3(2) = e, + e„ + 7^') , 1^1^^'^ < ^1^^ , = 1, 2 . 

/ez\i 

In the case p.49p . the monomial m2 is (TV, /i)-low and we claim that mi is (iV, 6*, ^)-linear. Indeed, 

since 

I234I 



|^(m2)| ^ K(A:(2)^^(2)^^(2))„^^^.| (3 5^) 

we get |j| < |7r(fc(2)^a(2),/3(2))| +iv^ Hence 



IXIil . lOSt 1X391 

< (K + l)iV'' + ^i7V-^ < //TV-^ 



namely mi is {N , 9, yu)-linear (see (|3.10p with 7 = Cj +7^^^). Hence IlN,e,fiXni = nxi and H^ ^m2 = m2 
and we obtain the second term (and third by commuting indices) in the right hand side of (|3.42p . 

In the case (|3.50p we claim that both mi, m2 are {N, 9, /i)~linear so we obtain the first term in the 
right hand side of p.42p . Since, by p.48p . |n| > 9iN > ON we already know that m2 is (TV, 9, /x)-linear. 
Finally, mi is (iV, 6*, /i)-linear because 



> 6'i7V-^iiV'^-(K + l)iV'' > 9N 

concluding the proof. ■ 

Proof of Proposition EHJ Since X^*^ e Q^^^^^{No,9, fi), h=l,2, for all N > Ni>No there exist 
X^^^ € rs,r,a(iV,6',/^) and XC*) such that 

UN,e,,,X^'''> = X^''^ + N~^X^''\ h = l,2, (3.52) 
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and 



ll^f'^'lLvr.a, i|^('^'||.,r,a, 1 1 ^C') 1 1 ,,,,, < 2||X('') . 



(3.53) 



In order to show that g Qf^rLai (-^i: /^i) ^^id prove p.40p we have to provide a de- 

composition 

with ^ j- 



si,ri,ai(A^, 6*1,/^!) and 

il ' 11^^ ' ' ||si,ri,a 



(3.54) 

with S defined in ([5^ . The bound for the first term follows by ((OH) (as ai < a) 

Considering p.52p and the splitting p.42p . we define the candidate Toplitz approximation 

x^'-'^ :=^^.^«,,,,([l(l),x(2)] + [l(i),n^_^x(2)] + [n^^^x«,l(2)]) (3.55) 

and the Toplitz-defect 

7v(nA.,e„^,[XW,X(2)] - X^^'^)) . (3.56) 

LemmaOand (^35)) imply that X^^'^^ e Ts,,riAX,8i, fJ-i) C Ts^,rt.a.i{N,ei, ^ii). The estimate ((XSi)) 
for follows by (jXSS)) . Lemma [121 (EZD), ([535]) and ([3211). Next by ([3211), (ESU), the 

Toplitz defect ((335)) is 



1(1.2) 



n 



X(i),l(2) 



1(1), 1(2) 



1(1), 1(2) 



^\k\.\TT\<N''X''^\li-\^>M* or |7r|>Af''-'^*'^' 



and the bound (|3.54p follows again by Lemma [521 (|2.4ip . p.24p . p.53p . and, for the last two terms, 
also by (|2.37p (|2.38p and p.39p . Indeed, let us give the detailed estimate for the term 



^\k\>N>' or\Tr\>N''X^^\ X'^'^'l 



We use Proposition 12.11 with r' ri, r r, a ai, s' ^ si and s si + a/2, where cr := s — si. 
Since (recall ^T^) 



si 



si + a/2 

with the (5 in (|3.4ip . we get, using Lemma [2.51 with A = 0, 
l|G||. 

si 



< 26- 







< 


C{n)6 


STTfl.STssl 




< 


C{n)5 


1X391 




< 


C{n)5 



I si+f7/2,r,ai 



ll^'''lU,.,a, 



C7(7i)ri||X(i)||,,,,a||X(2)||,_,^3^, yN>Ni, 

having used that the function Ne~^ min{a-ai,s-si}/2 decreasing for > A^i by the second assump- 
tion in p.39p . The proof of p.54p -and so of Proposition 13. II is complete. ■ 

The quasi- Toplitz character of a vector field is preserved under the flow generated by a quasi- 
Toplitz vector field. The proof is based on an iteration of Proposition 13. II 
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Proposition 3.2. (Lie transform) Let X,Y e QL,a(^o, 6*, m) and let s/2 < s' < s, r/2 <r'<r, 
a! < a. There is c{n) > such that, if 

\\mr,.M.,g,f.<c{n)S, (3.57) 
with S defined in (|2.40p . then the flow of X at time t = 1 maps D[s\r') — > D{s,r) and, for 

N[,>me.x{No,N}, iV := cxp ( max { |, s}) , (3.58) 

/i' < jJL, 6' > 9, satisfying 

{n + l){N'^f-^\nN'^<^l-^l', {7 + n){N'^f-^ \xyN'^ < 9' - 9 , (3.59) 

2{N'Q)-''hv N'f^ < 6min{s- s',a- a'}, (3.60) 
we have e^'^^y € Ql^,r',a'(^o> 6'', m') with 

\\^^'^^'^\\I\r',ii',N^,0',fi' — 2||y|| J^r,a,Aro,e,/i • (3.61) 

Moreover, for /i = 0, 1, 2, and coefficients < bj < 1/ jl, j € N, 

\\Y,b,ad^{Y) ,<2(C(n)<5-i||X||^,._,_^^_,_^)'|lr||^,_,_^^_,_^. (3.62) 



Note that ((3:611 is (13^62)) with /i = 0, &j := 1/j! 
Proof. Let us prove p.62p . We define 

y(0) ._Y, y(j') ad^^(y) adA-(>"'^"^') = , j > 1 , 

and we split, for h ~ 0,1, 2, 

j-i 

Y-'' - ^^^^'^ = J2 ^J^^'^ + ^^^^'^ ='■ ^<J + ■ (3.63) 

j>h j=h j>J 

By Proposition 12.11 (iterated j times) we get 

r'-''^ii.',.',a' < r<^'iis',.',a < {2'''+'js-y\\x\\i,jY\Ur,., yj > o, (3.64) 

where 6 is defined in (|2.40p . Indeed for j > and < i < j set 

.s-s' 

r.i := r — I , Si -.^ s — i (3.65) 

i 3 

(note tliat sq = s, Sj = s' , tq = r, r_, = ?■') and we inductively have 



r''+'^IU.+i,n+l,a < 22"+X^'ll^l|...n,ar<*'||s.,r.,a (3.66) 

where 



and 5 is defined in (|2.40p . Let 



5,^:=n,inn-^,l-^l>^ (3.67) 
■Sj r, j J 



r?:= (e3c(n)(5) < l/e^ (3.68) 
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where, for brevity, j| • ||^ := || • \\J^r.a.,No,e,,,- We have 

r>j|U',.'.a' < 5^6,(22"+3^-5-i||X||^,_J-'||r|U,.,a <Y.rf\\Y\\s,r,. (3.69) 

j>J 3>.J 

for fbj < f/j\ < and e^2^^'+^c{n) < 1. By ^3m\ and 7] < 1/2 (see ^Ml) we deduce 

\\Y>jy,r',.' < 277'^ II r II,.,, a. (3.70) 
In particular, for J ~ h — 0,1,2 (see (|3.63p ). we get 

||r^''||s',.%a' < 2?/' II r II,.,, a. (3.71) 

For any N > Nq we choose 



J-~J{N)-~\nN => Nif-"^ < e^/N^ (3.72) 
and we rename F-'* in p.63p as 

Then ((HIB^ follows by Lemma [SH (with iV* iV^, s s', a a', r r', 6* 6*', ^jl-^ n',Y ^ Y^'') 
and p.7ip (recall also P-GSp *). once we show that 

\\YM\I',r',.',N,o',,'<lv'Wf, N\\Y;^\U,,r',.'<lv"\\Yf, ft = 0,l,2. (3.73) 
The second inequality in (|3.73l) follows by 

l l3:70l 1X241 1X721 „h 

N\\Y>j\\s',r'..' < WnU,r.a < ^'(W"')^!^ < Y^\Yf (3.74) 

for all iV > iV^ > (recall ([XSg]) '). Let us prove the first inequality in p.73[) . 
Claim: Vj 0, . . . , J - 1, we have Y'^^^ G Qf',,',a'(^, 9', tJ-') and 

\\Y^'^\\I'y,.',N.e'.,' < {C{n)j6-^Xfy\\Yf. (3.75) 
Then the first inequality in p.73|) follows by 

II . T IXTsl ■til IXesl +S? Q 

II — s,r,a.,N,9,p.' — — Z 

for < j-'/j! < e-' and the constant c{n) in p.57p small enough. 
Let us prove the claim. Fix < j < J — 1. We define, Vi = 0, . . . , j , 

ai := a — I . W.; := + i , fii := fi — i (3.7o) 

:i i 3 

(note that ap = a, a^ = a', 0o = ^, dj = and /^o = /^i A'j = A*') a-nd we prove inductively 

r''ir.,n,a.Ar,..,^. < {C{n)]5-'\\Xfy\\Yf, y^ = 0,...,J. (3.77) 
Then (PTT)) with i = j gives (jXTS]) (recall also (jX^ V 

Let us prove (jXTTl) . For i = 0, formula (PTT]) follows because Y G Qf ^^(iVo, 6*, ^) and dS^B- Now 
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we assume that (|3.77l) holds for i < j and we prove it for i + 1. We want to apply Proposition 13. II to 
the functions / and with X^^' X, X'-^^ Y'-'\ 
We have to verify conditions p.38p - p.39p that read 

{k + l)Ar''-^ < - , iJ.+iN'^-' + {k + 1)N''-^ < 9,+i - 9, , 
2Are-^''"""{s.-s>+i,a,-a.+i}/2 5min{si-s,+i,a, -a,+i}iV'' > 2. (3.78) 

Since, by p.65|) and p. 761) . 

Mi ~ — '■ — 7 "i+i ^ 9i — : — , Si — Si+i — : — , a.i — a,;+i — — 

J J J J 

and j < J = \nN (see ([3J2| ). < b < L < 1 (recall jS?!])), /x' < ^ < 6 (recall ^J^), the conditions 
p.78p arc implied by 

{k + 1)N''~^ \nN < ^i- ^' , (7 + k)N^-^ \nN <9' -9, 

2]SJe-N''min{s-s\^-^'}/{2lnN) b iRm{s - s' N'' > 2hi N . (3.79) 



The last two conditions in (|3.79p are implied by b min {s-s',a-a'}A^'' > 2 In^ iV and since N > Nq > 
gi/i-f) p.58p '). Recollecting wc have to verify, for all N > Nq, 

{K + l)N''-^\nN < i^i- l^i' , {7 + K)N^-HnN <9' -9, 2iV"^ In^ iV < femin{.s - s', a - a'} . (3.80) 

Since the function N ^ iV^'^lniV is decreasing for N > Nq > e^^'^ , we have that ((3^ follows by 
((338)) - ((339)) . Therefore Proposition [Q implies that e Q%^^^^^^^ ,^^^^{N,9,+i, and 



< c(n)jri||xri|rW||i;^,^,,,,^,,,,^^ 

^ iC{n)jS~'\\XfY+'\\Yf 

proving p.77p by induction. ■ 

For a vector field X E Vs,,-,a depending on parameters ^ £ O, see ()2.32p . we define the norm 



■ ceo 

where, for brevity, 



||X||T:=max|sup||X(.;Olli;.,a,Aro,fl,M, ll^llt.a.oj (3-81) 
ceo J 

p:={s,r,e.,No,9,ti,X,0). (3.82) 

We define 

e V,^^,,,^o : X{■;OeQlrJNo,9,^l),y^eO s^nd\\X\\l~ <^}. (3.83) 

Lemma 13.51 holds true also for the norm 1 1 • 1 1 J . Moreover we have 

Corollary 3.1. (Lie bracket) Assume that X'-^\x'-'^^ e Qp (see ((g^g^ and and assume 

that pi := (si, ri, ai, A^i, ^1, /ii. A, O) satisfies the hypotheses of Proposition (namely p.38p and 
(13391) ). Then [X'-^\x'^^^] g and 

\\[X('\X('%^ < C{n)6-^Xi'X^\\X('% (3-84) 
where C (n) > 1 and 6 is defined in ()3.4ip . 
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Corollary 3.2. (Lie transform) Let X,Y e (see and with 

\\X\\]: <c{n)S, (3.85) 

with 6 defined in (|2.40p and c(n) in (|3.57p . Assume that p' :— (s' ,r' ,a! , Nq,6' , ii' , X,0) satisfies the 
hypotheses of ProvositionU^ (in particular (^35)) . ([^35)1 and (P^ ). T/ien e^'^'^y G Q^, and 

We^^^YWl <2\\Yf^ . (3.86) 
Moreover, for h — 2, and coefficients < bj < j G N, 



\Y,b,ad^{Y) I <2{CS-^X\\l^)'W\\l^. (3.87) 
I ^ — ' p' 

j>h 



4 An abstract KAM theorem 

We consider a family of linear intcgrable vector fields with constant coefficients 

N{0 := 6^(05. + ifi(0-2a. - m)^d, (4.f ) 

defined on the phase space T" x C" x x ^j^, where the tangential sites I C Z are symmetric as in 
(|i.32|) . the space is defined in (|2.ip . the tangential frequencies a; G M" and the normal frequencies 
fi e M^^-^ depend on real parameters 

(where n/2 = cardinality of T"*", see (|f ■32p '). and satisfy 

uj, (0 - (0 , Vj e I , fi, (0 = (e) , Vj e Z \ I . (4.2) 

For each ^ there is an invariant 7i-torus To = IT" x {0} x {0} x {0} with frequency i^(^). In its 
normal space, the origin (z, z) = is an elliptic fixed point with proper frequencies n(^). The aim is 
to prove the persistence of a large portion of this family of linearly stable tori under small analytic 
perturbations 

Pix, y, z, z; C) = + r'^^^dy + V^'^d, + V'^'^d, . (4.3) 

(Al) Parameter dependence. The map a; : O M", ^ i-^ w(^), is Lipschitz continuous. 
With in mind the application to DNLW we assume 
(A2) Frequency asymptotics. 

fi.(0 = b1 + a(0 + TT + ^^4) ^« \j\^+oo. (4.4) 
\j\ 

Moreover the map (Qj — |i|)jgz\i ■ O — > ^oo is Lipschitz continuous. 
By (Al) and (A2), the Lipschitz semi-norms of the frequency maps satisfy, for some I < Mq < oo, 

|c^|"P + |fi|'iP<A/o where := sup ~ °° (4.5) 

and |z|oo := sup \zj\ < +00. Note that by the Kirszbraun theorem (see e.g. |26p applied componen- 

iez\i 

twisc we can extend uj, Q on the whole M"/^ preserving the bound 
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(A3) Regularity. The perturbation veetor field V in (|4.3|) maps 

V : D{s, r)xO^C" X C" x x i'^P 

and, for some s,r > 0. Moreover V is 

- REVERSIBLE, See Definition 12.71 

- REAL-COEFFICIENTS, See Definition 12.81 

- REAL-ON-REAL, see Definition 12.91 

- Even, see Definition 12.101 

Finally, in order to obtain the asymptotic expansion for the perturbed frequencies we also assume 
(A4) QUASI-TOPLITZ. The perturbation vector field V is quasi- Toplitz, see Definition 13.41 
Recalling (|4.3p and the notations in (|2.50p . (|2.46|) . we define 

py{x)dy := U^-^^V^y'>dy , V,:=V - Vy{x)dy (4.6) 
and we denote vi ^\'Pi'^^ are the terms of degree —1 and respectively of P*, see (|2.46p . Let 
tj{£_) ■= {ujj{0)jex+ e K"/^ , then uj = (a;,a;) by g^) . 

Theorem 4.1. (KAM theorem) Fix s,r,a > 0, 1 < e,fj, < 6, Nq > N (defined in ([535)) ). 

Let 7 e (0,7*), where 7* = 7»(n, s,a) < 1 is a (small) constant. Let A := 7/A/0 (see (|4.5p ] and 
p := {s,r,a, Nq,0, fi, X,0). Suppose that the vector field X =M + V satisfies (Al)-(A4). // 

l-'\\V4l^<l and £:=max{7-^/=^||F«(x)9,||t^,,o,7-'ri"'^li^,7~'l|7'i°'llj} (4.7) 
is small enough, then 

• (Frequencies) There exist Lipschitz Junctions u°° : R"/^ R", : R"/^ ^ i^o, : R"/^ R 
such that 

\uj°° - cv\ + X\ij°° - oj\^'P , - + X\n°° - Q\^^ < C-/e, \a°°\<Cje, (4.8) 

(0 - (0 , Vj G Z , ilf (0 - r!- (C) , Vj e Z \ I , (4.9) 
hence = (lJ°°,cj°°), lu°° := (wf )jei+ G R"/^ and 

sup |17-(e)-Q^.(0-a°°(OI<7'/'£i^, V|j|>a7-^/^ (4.10) 

• (KAM normal form) for every ^ belonging to 

i^°°(0 ■h + nf'\> 2^{hr- , |c3-(e) . h + nrio + ^Tio\ > ^lih)-^ , 

|J°°(e)-/i-r!r(e) + f^f (01 >27(/i)-" if /l^Oor^^±J, 
\u}°"{0-h+p\>2j^/^h)-^, if (^p)^(0,0) 

1^(0 ■ h\ > 272/3(;i)-"/2 , VO < \h\ < 7-i/(7«)| ^4^1^) 
i/iere exists an even, analytic, close to the identity diffeomorphism 

$(•; : 15(5/4, r/4) 9 (xoo, 2/cx), ^oo, ^oo) ^ (x, y, z, z) e ^(s, r) , (4.12) 
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(Lipschitz in such that the transformed vector field 

X^.^Moo+Voo:=M-,OX ^iDH;Or'Xo^;^) has {V^ 



0, 



(4.13) 



see (j2.47p . (|1.36p . Moreover Moo is a constant coefficients linear normal form vector field as (j4.1l) 
with frequencies a;°°(^), f2°°(^), and Voo is reversible, real- coefficients, real-on-real, even. Finally 

{'^oo)\E — {SXoo)\E- 



For all the parameters ^ € Coo, we deduce by (j4.13p (and (j4.9p ') that the torus 

{a;oo € T" , = , Zoo = 2oc = 0} n S 



(4.14) 



is an n/2-diniensional invariant torus of Xoo : E ^ E which supports the quasi-periodic solutions 
t ^ (w°°($)< + a;*, 0,0,0) with frequency (0 = {Cj,0J°° iO) and initial datum (a;*, 0,0,0) G E, 
namely = (x*,x*), G qpn/a^ Then, by (|4.12p . we have that 

Corollary 4.1. For all ^ G Ooo; map 

T"/2 ^ xoo^ $((xoo,^oo),0,0,0;C) G £^ de/?nes an n/2- 
dimensional analytic invariant torus of the vector field X = M + V . Such torus is linearly stable on 
E and, in particular, it has zero Lyapunov exponents on E. 

Proof. It remains to prove the stability conclusion. Linearizing the system v = (A'oo)|e(w), v Cz E, 
at the solution 1 (a;°°(^)<, 0, 0, 0) £ E we get, since {Xao)\E = {SXoo)^e, 



X = svs^iuj^my + sr^{^^mz + sv^Jiu;°°mz 
y - 
z = in°°{^)z 

System (|4.15p is conjugated to the constant coefRcient system 



(4.15) 



X 

y 

z 
z 





if7°°(0z 

-in°°{s,)z 



(4.16) 



via a change of variables close to the identity of the form 



/ ^i{uj°°m *2(w°°(e)i) *3(^°°(e)i) \ 



/ + * with * = 






V 



where the terms of 'I' satisfy the homological equations 

Lo'^{0-d.^2{x)-\n^{£,)^2{x) 
w°°(0-<9.vl/3(x)+ir!°°(e)«'3(x) 



SV^Jix) 
SV^Jix) . 



The last equations admit solutions (arguing as in the proof of Lemma lS.ip for all ^ € Ooo since we are 
considering a symmetric, reversible, real-coefficients, real-on-real, even vector field (recall hypothesis 
(j5.27p ). As a consequence of (|4.16p the torus (j4.14p is linearly stable on E and, in particular, it has 
zero Lyapunov exponents on E. ■ 

In the next Theorem l4.2l we verify the Melnikov non-resonance conditions thanks to the asymptotic 
decay (|4.10p of the perturbed frequencies. As in [3]-[l], the Cantor set of "good" parameters Ooo hi 
(|4.1ip are expressed in terms of the final frequencies a;°°, $7°° (and of the initial tangential frequencies 
cj), and not inductively. This simplifies the measure estimates. 
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Theorem 4.2. (Measure estimate) Let 

O Op := := (0),ei+ € K"/' : < | < |^, | < p} (4.17) 

and assume that 

uj{0 =oj + A^, (Xj)jei+ e K"/2 ^ ^ + A'^ a • ^ , Vj ^ I , (4.18) 
for some A S Mat(n/2 x n/2) and a £ M"/^. Assume also that 

A is invertible, and {X~^^ ± Xj^){A^)-^d , Xj^iA'^y^a Z'''^'^ \{0} , yi,j e Z\I . (4.19) 
Then the Cantor like set Ooc defined in (14. lip , with exponent 

T > niax{77. + 3,l/6} (4.20) 
(b is fixed in p.2p satisfies, for p € (0, pQ{m)) small, 

|0\0oo| <C(r)pt-i72/3. (4.21) 

Wc assume that have the particular structure in (|4.18p in view of the application to the 

DNLW; this implies the more general form (|4.4p . Moreover, since 

\{A^)-^a{X-^ ± ATi)|, \{A^)-^aX-f^\ < c(l + ^) ^ for \^\, \j\ -> +^ , (4.22) 
the hypothesis (|4.19p amounts to finitely many conditions only. Theorem l4.2l is proved in section [6.41 



5 Homological equations 

The integers fc S Z" have indexes in I (see (11.32^ ). namely k = {kji)hex- 
Definition 5.1. (Normal form vector fields) The normal form vector fields are 

M:=d^+ Nu5, = d^+ mzd, - inzd, = w(C) • 9, + i J2 ^M)zjd,^ - i ^o^O^jd-,^ (5-1) 

where the frequencies a;j(^), fij(^) £ M, G O C R"/^, are reaZ anii symmetric Lipschitz functions 

uj-j = , Vj e 1 , = , Vj e Z \ I , (5.2) 

f/ie matrix N is diagonal 

■ 0„ \ 

N = I irj , := diagj-g2;\i(f^j) , (5.3) 

-in 



an- 



d there exists j, > such that ( recall (|4.4I) ) 



sup 



f^.(e)-n,(e)-a(c) y\j\>j*, (5.4) 



('see (j4.4p J for some Lipschitz function a ; O — > R, independent of j . 
Note that A/" £ 7^^e° , see Definition [2lll 

The symmetry condition (j5.2p implies the resonance relations — J7j = and a; • A: = for all 



k e Z^dd := {fc e Z" : fc_j = -fcj , Vj e l} . (5.5) 

As a consequence, along the KAM iteration there are "resonant" monomial vector fields of the pertur- 
bation which can not be averaged out and which are not in the new normal form vector field. However 
these further resonant monomials are naturally identified with monomials of the normal form, on the 
symmetric subspace E defined in (jl.36p . by identifying x-j = Xj, z-j = Zj, z^j = Zj. The next 
section makes rigorous this procedure, by defining the "symmetrized" vector field S{X). 
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5.1 Symmetrization 

For a vector field X, we define its "symmetrized" S{X) := SX by linearity on the monomial vector 
fields: 

Definition 5.2. The symmetrized monomial vector fields are defined by 

Sie'^-^d,^) := a,^. , Sie'^-^fdy^) := , Vfc € Z^V , N = 0, 1, J el, (5.6) 
5(e"=-^z±,9,^. ) := z^d,^ , 5(e"=-^z±,9,-^ ) := z,d,^ , Vfc G Z^'^d , .? e ^ \ 2: , (5.7) 

and 5 is the identity on the other monomial vector fields. 
By ((0|) - ((5?7| we write 

SX = X + X' + X" (5.8) 

where 
and 

+ E <oL,,o(^. - + - • (5.10) 

The "symmetric" subspace E defined in (|1.36p is invariant under the flow evolution generated by the 
vector field X, because X : E ^ E. Moreover the vector fields X and S{X) coincide on E: 

Proposition 5.1. X\e = {SX)^^. 

Proof. By (|5.9p and (|5.10p since, if {x,y,z,z) G E and fc G Z^^d (see (|5.5p ). then fc • a; = and 
z_j = Zj, 2;_j = ■ 

Corollary 5.1. v{t) e E is a solution of v = X{v) if and only if it is a solution of v ~ {SX){v). 

Hence, we may replace the vector field X with its symmetrized S{X) without changing the dynam- 
ics on the invariant subspace E. The following lemma shows that both the a-weightcd and Toplitz 
norms of the symmetrized vector field S{X) are controlled by those of X. 

Proposition 5.2. The norms 

||5X|U,,,a < |l^|U,r,a (5.11) 

||5X||i'P,, < j|X||i'P,, (5.12) 

\\^^\\I,r,a,Ni,e,tJ. < ^\\^\\I,r,a,Nue4i (5.13) 

for Ni > Nq ( defined in p.ip ) satisfying 

Nie-^' mi„{s,a} < ^ ^ ^j^b ^j^^i a} > 1 . (5.14) 
Moreover, if X is reversible, or real- coefficients, or real-on-real, or even, the same holds for SX. 
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Proof. In order to prove (|5.1ip we first note that the symmetrized monomial vector fields : V^ f^xh : 
Zjdz , Zjdg. in (j5.6p - (|5.7p have zero momentum and are independent of x. Hence their contribution 
to the weighted norm (j2.27p is smaller or equal than the contribution of the (not yet symmetrized) 
monomials e"=-^a^^., e^'^ '^fd^^, e''''^' z±jd,^, e'''-'=z±jdi^ of X. This proves KWi . 
Proof of ([ETO)) . The estimate ([STT^ follows by ((O)) and 

ll^'llL.a < mWlr.. (5.15) 
ll^"lli;r,a<2||X||^,,,. (5.16) 

Proof of We claim that, for iV > A^i, the projection IlN,e,t,X' = X' + N~^X' with 

^'er.,.,a, ||l'||.,.,a<6||X||^,,^,, ||X'||,.,,a<5||X||^,_,, (5.17) 

implying (|5.15p (also because ||^'||s,r,a < 2||X||s^,.^a)- In order to prove (|5.17p we write the {N,9,fi)- 
projection as 

I1n,9,^,X' + U- + U^ + U^ (5.18) 



where 



|3|>»N |j|>»N 



and 



\]\>eN keZ2^^\KN \i\>eN kez^^^\K.N 

ICn := {k e Z^dd , |fc| < N'} , ^(fc) ^ jfc, . 



Then ((5?T5l) follows by Step 1) and 2) below. 

Step 1) The projection UN^g^f,{U + U^) = {IJ + U^) + N-\U + (/-) with 

U^tj-eTs^r,., ||(7|U,,,a, ||[/-||s,r,a<6||X||^,,,, 1 1 ^/j | ,,,,a, 1 1 (7^ |U,.,a < 6|! X |1 . (5.19) 

Since X is quasi- Toplitz, Lemma 13.51 implies that the projection 



is quasi- Toplitz as well and (|| • Hj^^.a is short for || • ||^r,a,Afi.e,p) 



By (|3.29|) we have ndiagn'"^7^,r,a C 7^,r,a, hence Lemma |33] applied to implies that for every 
N > Ni there exist (A^-dependent) 

^ M^fce'^'-^z.S,^ , ^ W^fc,,e'^-^z,a,^. (5.21) 

br(f=)l,l'!|<«i>, |,r(fc)|,|fc|<iV'', 

|3|>8JV |j|>eiv 

(note that W is (iV, 6*, /^)-linear and Toplitz) with 

n^.,,^M^= ^ Xg^^.^e'^^-z.-c?,^. =W^ + iV-iW^ (5.22) 

K(fc)l,|fc|<N6, 

|j|>ejv 
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and 



By ((08)) . ((5:20)) . (1531]) and ((5:22|) we have 



|j|>e« 



Note that U is Tophtz. Moreover 



\j\>ON 



\\U\\s,r.. < sup IK J2 2e-l-Wle^l'^l|W^fc,j||z,| 



\j\>9N 



i5:2]i 



< 2\\w\Ur,.<nx\\i,^.^ 



An analogous estimate holds true for U. A similar decomposition holds for U in (|5.18p . 
Step 2) N\\U^\\s,r,., N\\UZ\\s.r,. < \\X\\s,r,s.- 
We have 



\\U±\\s,r 



< 



sup 

P\\a.p<r 

sup 

\\z\\a.p<r 



,-Af''inin{s,a} 



\j\>eN 



7r(fc)| or \k\>N'' 
MS 



Ii|>e7v 



and similarly for Uj_. 

Proof of (|5.16p . The estimate (|5.16p follows by 



(5.23) 



In order to prove (|5.23p we note that the momentum of e}^'^z^jdz- with |fc| < , \j\ > 6N, N > 
Ni > No, satisfies 



|7r(fc,e_j,0;zj)| = ^/ifcft -2j > 2\j\ - K\k\ > 29N - kN'' > N>N 



(5.24) 



(where k := max \h\, recall Then by ([ETU)) and (|XTU)) the projection IlAr^e^^X" F + 1/' with 



hex 



\j\>0N fce/Cjv li^eAf fce/Cjv 



We have 



l|l^lU,r,a = sup 

l|z||a,p<I- 



(I E 4!o,L,,oli^-.i 



\j\>SN 



\]\>eN 



(5.25) 



< sup IK 5: e-^e^l-(^--^°-^)l|4:^,L„oll-.l) 



||2|U,p<r ■ h^iCN 

t5TT4t 



O\>0N 
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where in (|5.25p we have used that the domain < r} is invariant under the map Zj f->- z_j. 

Since a similar estimate holds for V' , (|5.23p follows. 

Wc finally prove the last statement of the proposition. The vector field SX is even because 
SX\E ~ X\E (Proposition [5TT]) and X is even. Since X is real-coefficients, Definition 15.21 immediatelv 
implies that SX is real-coefficients. Finally, since X are reversible and real-on-real, (|2.53p and (|2.57p 
enable to check that X' , X" in (|5.9p - (|5.f Op are reversible and real-on-real, and so SX (see (|5.8p ). ■ 

Remark 5.1. The assumptions X G TZrev, Y G TZa-rev, X = SX, Y = SY are not sufficient to imply 
[X, Y] = S[X, Y], as the example X = {{z^idz^ + zidz_2 — zidz_2 — ^-i9z2)j Y ^ Z2dzi + z-29z_i + 
z-2dz_i + Z2dzi shows. 

5.2 Homological equations and quasi-Toplitz property 

We consider the homological equation 

adj^F = R-[R] (5.26) 

where 

R e 7^<°. fsecDefimtion [2Jl|l . i? = 5i? (see Defimtion[521) (5.27) 

and 

[R] := {R^)d, + {R"''')^idz, + {R'^'^z^d-z^ , (5.28) 

where (•) denotes the average with respect to the angles x. By Lemmata 12.81 and I2.f 01 and since 
Af e TZfev (see Definition 15. f p . the action 



ad_\f : Tla-rev ^ T^rev ■ 



The commutator 



adMF^[F,N] = <( ^ . ^ X (5.29) 

a^F^a, + (^^F"''^ + [F'^'", N] jua„ if f = f(o) 

(recaU the notations in ^^M^ - ^^^ ) where [F"'"", N] = F'^'^N - NF"^"" is the usual commutator between 
matrices (and N is defined in (|5.3p ). We solve (|5.26p when 

i? = i?^^=n|,|<;^n|,i<^i?('^), h^o,-i, KeE (5.30) 

(recaU the projections ((234)) . ((2351) and I^M^ ). 

Definition 5.3. (Melnikov conditions) Letj > 0. We say that the frequencies uj{^) = (a;(^), a;(^)), 

tJ e R"/^ r2(0 satisfy the Melnikov conditions (up to K > 0) at ^ G M"/^ if: VhG Z"/^ \h\ < K, 

i,j ez\i, 

\oj{£,)-h\ > -f{h)-^ if h^O, (5.3f) 

\(Jj(^)-h + nj\ > -f{h)-\ (5.32) 

m)-h + n,iO + n,{0\ > l{h)-\ (5.33) 

|d;(0-/»-a(0 + f^j(OI > l{hy^ if h^Q or z ^ ±j , (5.34) 

where (h) := max{|/i|, 1} and 

T>l/b. (5.35) 
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For k e Z" we set fc± := (fcj)jgi± G Z"/^ namely fc = fc_). Then 

uj-k^uj-h, with /i ;= fc+ + e Z"/^ and fc ^ Z^'^^ ^ /i 7^ . (5.36) 
Note that < \k+\ + \k^\ 

Lemma 5.1. (Solution of homological equations) Let s,r, a > 0, K > 0. Let O C M"/^ and 

assume that the Melnikov conditions (|5.3ip - (j5.34p are satisfiedy ^ G O. Then, e O, i/ie homological 
equation (j5.26p mt/i i? = i?(-;^) as m (j5.27p . (|5.30p /las a unique solution F ~ F(-;^) 

F e Ti-^-rev ; ^ = , F = n|^,| <;^;n|^| 

with (F^) = 0, {F^-y) = 0, (i^^^^?) 0. /i safe/?es 

||i^||s,r,a,0 <7"'A'n|i?||s,r,a,0 (5.37) 

Proof. By (j5.29p the homological equation (j5.26p splits into 

d^F" - NF" = i?" , 9<^F^ = i?^ - (i?^) , a^F"'"^ + [F"'", N] = i?"^" - [i?]"^'" . (5.39) 
Since R^SR (recall ((071) '). by ([521) we get 

i?^(a;) = (i?^) + ^ i?^e"=-^ , similarly for i?^'(x) , i?«'«(x) . (5.40) 

Hence, by (|5.3ip and (|5.36p . the second equation in (|5.39p has a solutioifl 

F-(x)= ^ F^e''^-\ F^:=^. (5.41) 

By (|5.3p the first equation in (|5.39p amounts to 

d^Fy = Ry , d^F' - lilF' = R' , 5^F* + inF^ = i?^ . (5.42) 
Since R is reversible and even 

{Ry) ^Ry^ -Ry ^ -Ry = -{Ry) (5.43) 

and so the average 

{R")=0. (5.44) 
By ((OT|) . ((06| . ((O0| and ((04l) . the equation d^Fy = i?^ admits a unique solution with (F^) = 0: 

E ^'---Sk- (^-^^^ 

By the non-resonance assumption (j5.32p and ()5.36p . the other two equations in (j5.42l) admit (unique) 



solutions. By (|5.3p . the third equation in (j5.39p splits into 

d^Fy^y = Ry^y , (5.46) 
a^F^'^ + iFy^'n = (5.47) 



^Note that F^(a;) is unique because its average (F^) = Fg = by US. 531 1 and 115.541 1 below. 
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and the analogous equations for F^'^, F^'^ , i^^'^; 

d^F''' ~ iF'-^^n ~ inF'-^^ = R'-^^ (5.48) 
and the analogous equation for F^'^, and the most difficult equation 

d^F'-' + iF^'^n - i^F'-' = R'-'' - [RY^"" (5.49) 

plus the analogous for F^'^. 

Since R'^''^{x)ydy is reversible and even we deduce as in (|5.43p that {R^''^) = 0. Then, by 
([OT|) . ((OS)) and (|On)) . the equation ([OS)) admits a unique solution with {Fy^y) = 0. Also the 
equations (|5.47p - (|5.48|) have a unique solution thanks to (|5.32p - (|5.33p (and (j5.36p ). respectively. 

We now consider equation (j5.49p that amounts to 

a^i^"'^^ +i(% - = i?"'"^ - [i?]^'^^ , Vi,j e Z\I. (5.50) 

Developing in Fourier series -F^*^^(x) = ^ p^'^j^ik-x^ equation (j5.50p becomes 

i(a; • k + - VLi)Fl'"' = i?^'"^' - [i?]^;"^^' . (5.51) 

If i 7^ ±j then (|5.5ip is easily solved thanks to the non-resonance assumption (|5.34p and (|5.36p . Since 
R = SR, by 



if » = J =^ = , Vfc e Z^dd \ {0}; if * = -J , ^ 0) =^ R^'-' =0,yke TU ■ (5.52) 

Then ((53T|) is solved by ([04)) and ((Oel . 

The properties of anti-reversibility, anti-real-coef&cients, real-on-real, and parity for the vector field 
solution F are easily verified. For example, let us consider F^(x)dx in (|5.4ip . It is anti- reversible 
because R^{x)dx is reversible and so 



pi tsgp R-k ip Rl ^ Rl ^ j,x /5 53^ 

-luj ■ i-k) iuj ■ i-k) iio-k 



which is the anti- reversibility property (j2.55p . Moreover F^{x)dx is anti-real-coefficicnts since i?^ G M 
(by assumption R is real-coefficients). Next, (|2.57p enables to check that F^{x)dx is real-on-real. 
Finally, F^dx is even because R^dx is even and 

U HSU Rl Rl 



px __fe^ _fe^ ^ _fe_ ^ px 54-) 



which is the parity property (j2.58p . 

The estimate ()5.37p directly follows by bounds on the small divisors in the Melnikov conditions 
(|OT|) - (|EM)) (and ([OB]) ) and the expression of F. 

Let us prove the Lipschitz estimate (|5.38p for F^dy where F^ is defined in (|5.45p (the other cases 
are analogous). For £,,r] G O, ^ ^ rj, set A^^,,/ |^ — ?7|~"^(/(C) ~ fiv)) then 

By (i535|) . ([53T|) and we deduce 

\\F''dy\\X..o < l-'K^WR'dyWZ-^n + 2^-'K'^+'\u;\mRydy\\s^r,.^o ■ 



We use following lemma about the asymptotic expansion of the small divisors. 
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|Afc,,-, ~ Afc,,-,| < lA_M+^(l. + + (5.56) 



Lemma 5.2. Assume (|5.4p . Then, for all \i\,\j\ > j*, 

where Akj,i := uj ■ k + flj — Qi and Ak,j^i := lo ■ k + \j\ — \i\. 

Proof. By (|5.4p and (|4.4p . see also Lemma 5.1 of [4|. ■ 

The following key proposition proves that the solution of the homological equation is quasi- Toplitz. 

Proposition 5.3. (Quasi-Toplitz) Let the normal form Af be as in Definition \5. 1\ and assume that 
R Q^r a(-^0; ^1 m)- Let F be the (unique) solution of the homological equation (|5.26p found in Lemma 
\5.H for all ^ Cz O satisfying the Melnikov conditions (|5.3ip - (j5.34p . //, in addition, 



m)-h+p\>'r'/^h)-\ y\h\<K,peZ, ih,p)^{0,0), (5.57) 

then F = F(-;0 e Q^r,a(^o . m) with 

N* := max {a^q , J*, cj-^/^I<^+^^ (5.58) 

for a (suitably large) constant c :~ c(m, n) > 1. Moreover 

\\n;0\\lr,.,NS,e,^ < in''K'l\R{-,0\\lr,.M^- (5.59) 

Proof. We focus on the solution F ~ f]^^ of the homological equation with R — R^^ (recall (|5.30p '). 
and in particular on the most difficult estimate for the solution of (|5.49l) . For brevity we set 

TZ := R^'^ — [RY'^ ~ ^ Rk,j,ie-^^'^ Zjdzi i Rk,js -R^'^^ , 

where (recaU ([53^ and (jOH)) ) 

/i { |fc| , |7r(fc) +j~i\<K, 3^±iiik^ Z^dd } • (5-60) 
Then the solution of ((09)) is (recaU ((53T|) ) 

T:=F^-'-:^ J2 7^e»^-z,9,. , A^,,- , := ^(^ • fc + ^,(0 - f],(0 • (5.61) 

(fe,J,l)6/l 

In order to prove the estimate (|5.59p on the Toplitz norm we compute n^r g ^ J^. Then we have to 

consider only \i\, \j\ > 9N > 9Nq > j» (since 6* > 1 by (|XT|) ) and, since \Tr{k)+j~i\ < K (see ([EBO)) ). 
the bound (and implies that s{i) = s(j). Then 

where 

l2:={\k\Mk)+3-i\<K, j^iif fceZ^dd, s(*) = s(j-), NUj|>eA^}. 

By assumption TZ e Q^,._^{Nq,9,^). Condition p.26p holds for the set /2 and Lemma [33] (applied to 
^N,e.f^T^) that, for all > Nq > No, there exists a Toplitz approximation 

7^:=^i^fe(s(J),J-^)e"=■^^,a,. Gr...,a(iV,0,/^), Rk{s{j),j-i)eC (5.62) 

/2 
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and 

nN,e,^.n = n + N-^n with \\n\\s^r..A\n\\s,r.a.A\Ti\\s.r,e.<2\\n\\l,^,. (5.63) 

Note that \k\, \n{k) + j - i\ < K < {N*)'' < N'' by ([535)1 and By (jg^Tj) we have 

llN.e.^J' = -i^ ^e"=--z,9,, . (5.64) 



Wc now prove that 



-^^=-^E ^'^1^^'^ '^ e'^-z,-a,,, Afc,,-, :=L.(0-fc + |jVK|, (5.65) 

is a Tophtz approximation of J-. Indeed, since s(j) = s(i): 

Afe,j,» = w(0 • + IjI - \i\ - w(0 • k + s{j)(j - i) , 

and J" in ([535)1 is (TV, 6*, ^)-Tophtz (see (|?H| V Moreover, since s{j){j - i) e Z and (0, j, j) ^ /2, by 
(|537)) (and (|06)) ). we get 

|Afe,,,,| >72/3(fc)-^ V(fc,j-z)e/2, (5.66) 
and Lemma 12.61 and ()5.65p imply 

||^IU,r,a<7"'/'A'"ll^l|s.r,a. (5.67) 

The Tophtz defect is 

N-^f := nAT.e^^.J'- (5.68) 
iimUsTest s^fRkjA Rkis{j),j-i)- 



r/ -Rfcj;» _ ■Rfcj.t \ / i^fcj,, - Rk{s{j),j - i) 



Ak-x , 



15-631 Td f ^kj,i ~ ^k,j.i\ , ^-\Rk,j,i 



Ak-x , 



By ()5.56p . \j\, \i\ > ON > N, and \j — i\ < {k + 1)K we get, taking c large enough. 
Hence, for (fc) < K wc have 

ilsTeel . JsTegt ^2/3 2/3 2/3 
|Afe,,-,|> |A,,,-,|-|Afe,,-,-Afc,,-,| > 1--^1—>J^. (5.70) 

Therefore ([EM)) . ([05)) . ([ETO)) imply 

|Afe,j..-Afe,,,,| ^ C7i^2(fcr (fc>: < Aif2r 
|Afc,,.,||Afe,,-,| " 2iV 7^/3 7^/3 - 

and (|5.68p . (|5.66p . and Lemma [^31 imply 

||^IU,r,a<C7-^A'2-||7^|U,,^a + 7"'/'^1|7^|U.r,a < ^CJ-A{^^ \\n\\l,,, . (5.71) 
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In conclusion ([QT)) . (jE^ . (j^TT]) . ([EM]) prove ([535]) for J" (sec (gH])). 

The case of the solution F^^^ of the homological equation (|5.48p is simpler. Indeed in this case the 
small divisors are uj ■ k ^ fli — Clj. The Hat g^-projection selects only the indices with \j\ > 6N and 
so 

\uj ■ k - - rijl > Qi + rij - \uj\\k\ > constN . (5.72) 

In this case we may take the null vector field as Toplitz approximation of F^'^ . Then the Toplitz 
defect is exactly F^-'' and \\F^'^\\s,r,^ < const\\R'''^\\s,r,jN by ((5J2l) . 

The solutions of the other homological equations (j5.42[) . (|5.46p . (j5.47p are similarly estimated. ■ 



6 Proof of Theorems 14.11 and 14.21 

6.1 First step 

We perform a preliminary change of variables in order to improve the smallness conditions of the 
perturbation. In particular we want to average out the term 'P^{x)dy defined in (j4.6[) . We introduce 
the simmetrized vector fields (see Definition 15. 2p 



Ry{x)dy ■.= Sry{x)dy, R:=Sr, X:=SX^N + R (6.1) 

(since SM = N). By assumption (A3) and the last statement of Proposition 15.21 R E TZrev (see 
Definition 12. lip . Moreover Proposition 15. II implies that X^^: = X^^- 

We now study the homological equation 

- ad^rF + n|,.|<^-i/(7„,i?^ay = {Ry)dy ^ o (6.2) 

because R is reversible and even. 
Lemma 6.1. For all ^ in 

a := {^eO : ■ h\ > j^^^h)-'"^^ , VO < \h\ < 7"'/^^"^} , (6.3) 

the homological equation (|6.2[) admits the unique solution 

F = Fy{x)dy, F:= Yl wlfT^^' (6-4) 

It satisfies 

\\nl/4,r,.,No.e.,,x.o, = ll^ll3V,.,a,o. < C{s)e . (6.5) 
Moreover F € 7?,^°^g„ and SF = F. 

Proof. Note that (|6.2p is the first equation of (|5.42p with R^ Il\^^^^l/(7,^)Ry{x). By Lemma 

15.11 it has the unique solution ()6.4p . see (j5.45[) . The equality in (j6.5[) follows by p.81[) noting that 
the quasi-Toplitz norm of F coincides with its majorant norm since F = F(x)dy. We now prove the 
inequality in (|6.5p . We have 

(113, (El iimiiT} iia 

Il^^ll3./4,na < C(s)7-2/3||n|,.|<^_i/(.„,i?«a^||,,,^, < C{s)-f-^'^\\vy{x)dy\\,^r.^ < C{s)e. 
Moreover, setting A^,^/ := |^ - r^\^^{f{0 - f{ri)), we get 



iujiO ■ k {ujiO ■ k){oj{^) ■ k) ' 
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which, in turn, impHes 

I lip 

l3s/4,r,a 



ll^^ll3T/4,.,a < c{s)^-^'^Rydy\\%,^ + c{s)^-'/Hu\Rydy\i 



e 



The two above estimates imply (|6.5p . ■ 

We now apply Corollary 13.21 with p (3s/4, r, a, A^o, Oi f^, C**) and p' po with 

po := (s/2, r/2, a/2, iV^°\ 40/3, 3^/4, A, O.) (6.6) 

where A^'q"^ > maxlA^O:^} (recall p.58p ) is chosen large enough so that (recall p.59D - p.60D ') 

(«; + l)(A^^"^)^^^lniV^°' < ^l/4, (7 + K)(iV^"')^-Mn 7V^°) < 0/3, 

2(7V^° V In' < 6min{s/4,a/2}. (6.7) 

Then ((3?58l) - ((3?59| - ((3^ are satisfied and ((63|) imply condition ((3^ for e sufficiently small. Let $ 
be the time 1-flow of F (so that e'"^^ = ^^,). Since the quasi-Toplitz norm is non- increasing with the 
parameter Nq (see p.25p ) we may also take Nq > N large enough so that (|5.14p (with Nq Ni) 
holds. Hence 



e^''nR-Rydy)\\l < 2\\R-Rydy\\l,.^,^^^^e,M 



< 



18||7'-F^(x)ayLV,a.^„,,,^,,,o. < 187- (6.8) 



Similarly p.87p (with h 1, bj 1/j!) implies 

(e^^-iR-Rydy) -(R- Rydy)) ^ < \\V4lr..,NoW.oJ\F\\ 

< C(s)7e, /i = -l,0. (6.9) 

Since the commutator [F,Ry{x)dy] = [py {x)dy , Ry {x)dy] = we deduce e'^'^^ (i^^a^,) = and, 
using also (1121), we get e'^'^^A/' = A/" + adpN. Hence 

gad^^ = e^'^^A/' + e'''i^i?^' ay + e^'^^ (i? - i^^'a.y) =A/' + adFA/' + i?^ay + e'''^^(i? 

^ AA + H|fe|>^-i/(r„)i??^aj, + e"'*^(i?-i?^ay) =:AAo + Po (6.10) 
where A/q ;= M . Then we consider the symmetrized vector field 

Xo := 5(e^'*^X) = A^o + i?o , i?o := SPq . (6.11) 
Since Ry{x)dy depends on the variable x only we have 

l|5n|,|>^-,/,.„,i?^(.T)ay||?: = ||5H|,.|>^_v(..)i?n2:)a,ii^/2,.,a,o < 7£ , (6.12) 

arguing as for (|6.5p . using (|5.13p . (|2.37p . and for 7 < 7* small (depending on s and n). Recollecting 
(|H1T]) . (OU)) . (Ol) . (lO^ and dH]) we get 

Lemma 6.2. The constants 

£-o:=4"'^+er, 4'^:=7-^!|i?rilJe, /i = -l,0, 60 := 7-'lli?o|| J„ • (6.13) 

4''^ < C'(s.")e. ^ = -I'O' 0o<2^ (6.14) 

where £ is defined in (|4.7p . 
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The vector fields Po,Ro G TZrev because F € TZa-rev (Lemma 16. II) . R e Tlrev, and using Lemma 
and Proposition [221 Similarly, since X € TZrev (by the hypothesis of Theorem 14. ip the vector field 

Xo:=e'"^''X = ^^X Tlrev (6.15) 

Proposition O implies that X\e = {SX)\e = X\e (see and Xo|ij {e'^'^'' X)\e (see ([gTT]) '). 

Moreover, since F is even, Lemma [2. Ill (applied with Y F) and (|6.15p imply 

Xo\E^Xo\E- (6.16) 

6.2 The KAM step 

We now describe the iterative scheme which produces a sequence of quasi- Toplitz vector fields X^, 
with parameters = {sv,ru,a.v, N^\9^^ pL^^\,Ov), A = 7/-M0, and such that tends to zero 

as 1/ — > +00. For compactness of notation we drop the index v and write "+" for + 1. 
Iterative hypotheses. Suppose 1 < 6*, ^ < 6, iVo > TV (defined in ([STSSl) ). O C R"/^^ ^ ^ Af+R, 
where A/" is a normal form vector field (see Definition 15. ip with Lipschitz frequencies a;(^),r2(^), 
^ e ^j^ji ([52]) i^oi^jg ^j^i^ gQjj^j, y > (namely j, = 6iVo)- Moreover \uj\^^„/^, < 
M < 2Mq. The perturbation R satisfies ||-R||J < 00, R S TZrev, SR = i?. We finally fix some K and 
we assume that 6A'o > cj^^^'^K'^^^ (where c is the constant introduced in (|5.58p ). 

We now describe a KAM step namely a change of variables generated by the time-1 fiow of a vector 
field F and such that X^ := Se^'^'^ X = M+ + R+ still satisfies the iterative hypotheses, with slightly 
different parameters, and a much smaller new perturbation see (j6.43p . 
The nevif normal form M+. Set (recall (j2.48p ) 

Rf := n\k\<K^\.\<KR-'' = ^\k\<K^\.\<KR^-^'^ + n|fc|<Kn|,|<Ki?("' + Rf ■ (6.17) 

Since R G T^-r-e?; then R^° e 7?.^g" and SRjf = Rjf- The new normal form is defined for ^ e O as 

N+ ■.= N + U, 

[Rf] = {R-}d,+ ^ {R'^'^}zjd,^+{R'^'^)z,d,^=u;-d, + i ^ n,z,{d,^ - z,d,^) (6.18) 
jez\x jez\x 

because, since is real-coefficients (Definition 12. 8p and rcal-on-real fDcfinition l2.9p . 

{R^^^^) = i% , % G M, {R""'^^) ^ -i% , Vj e ibj := (i?^^) e M,Vj e X. (6.19) 



Moreover, since R is even, w , ft satisfy (|5.2p . namely 



% . (6.20) 



Note that Af only depends on i?'"-* . 
Lemma 6.3. 

sup PI, |i7U < 2||i?(0)||.,.,a , \co\'^, \n\Zo < 2||i?(°'lli'.';,a (6-21) 



and there exist d : O — > M satisfying 



snp\m\<nR^°^\\L,..N„.e.^ (6.22) 

{SO 



40 



snp\Cl,{0~m\<T-M"^\\lr,.M^, V|j|>6(iVo + l). (6.23) 
ceo iJl 
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Lemma 16.31 is based on the following elementary lemma (sec Lemma 5.3 of [1]). 
Lemma 6.4. Suppose that, > Nq > 9, j > 6N, 

Clj ^ ajy + biyjN^^ with ajv,&jVj"€K, |aAr|<c, |6Arj-|<c, (6-24) 
for some c > (independent of j). Then there exists a G M, satisfying \a\ < c, such that 

20c 

m- - a| < — - , Vj > 6(iVo + 1) • (6.25) 

PROOF OF Lemma 16.31 We first prove (|6.2ip . The estimate on Cj is trivial. Regarding Ct we note 
(recaU (^J^ and (ESS])) 

i i^A-, - ^^d-z, ) = ndiagi?k°^ = Hdiagi?^"^ . (6.26) 

3 

Then (|6.2ip follows by Lemma [2.71 Now we want to apply Lemma [6.41 Note that by (|6.20p . we can 
restrict to the case j positive. Since HdiagH^^^i? € S^r,a(-^Oj (by p.29p and p.26p ) we can apply 
Lemma [2111 Then for all N > No we can decompose 

IlN^0^^,Tldi.eR^°^ ^ + N-'R^ with i?^ = Hdiagi?"^ G r,,..a(^, 0, m) , = Hdiag^^ (6.27) 
and 

WR^'Wr , llA^llr- < 2||ndiagi?^°)|r < 2\\R^"^f, (6.28) 

where || • \f is short for |1 • !|I^^,a,JVo,9,M- §M (recall ^M) 

j£Z\i,a=± iez\i,o-=± 
By (j6.27p R^ € Ts,r,aiN,6, fi) and, therefore, R^^^ do not depend on j (see p.l4p ). namely 

R^^^ = gn and we also set bNj ■= Rf^+ ■ (6.30) 

By ([Qe]) we get 

nAT^e.^IIdiagi?'"^ = i E ^ji^J^^j ~ ^J^^j) ■ 

\j\>eN 

Then, for j > 6iV > 0N, by (|07)) . ([g?^ . we get fi^ = cat + iV-i6jv,i- Applying Lemma [Q 

to and in (g^Hl), we obtain 

Hence the assumptions of Lemma 16.41 are satisfied with c = 2||i?(°)|f and (E^Hl-dnSl) follows. ■ 
The new vector field We decompose 

X=N' + R = M + Rf + {R- Rf) 

where R^ is defined in (|6.17p . We apply Lemma [5. II and Proposition 15.31 with O ^ 0+ where 

0+ {C e O I ([QTD - (|OiD and ((5371) hold} . (6.31) 

Let F = F^*' = f\^^'' + i^^^ e ^a-rei. the unique solution of the homological equation 

ad^^^ = Rf - [Rf] . (6.32) 
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The bounds (jOS)) . \ujfP, |r2|"P < M < 2Mo, and (jg^ni) (with R h = -1, 0) imply 

\\F'^''^§,<l''K^"^'\\R^''^\\h h = ~l,0, where (s, r, a, 6A^o, 0, A, 0+) . (6.33) 

Note that in ((5351) - ([5351) = 6iVo because, by the iterative hypothesis, j» = 6iVo > C7"^/^A'^+\ 
We introduce the new parameters 

P+ := (.s+,r+,a+,iVo+,0+,Ai+,A,O+), (6.34) 

where s/2 < s+ < s, r/2 < r+ < r, < a+ < a, > INq, 9+ > 6, fi+ < ^, such that 

{K+l)(N+)''-^\nN+ < ij- {7 + K){N+)^-HnN+ <0+-0, (6.35) 

2{N^y''ln^ N+ < &min{s-s+,a-a+}, (6.36) 

and note that A^q'" > N defined in p.58p (by the iterative hypothesis iVo > N). If, moreover, the 
smaUness condition 

\\F\\l<c{n)S+, 5+ :=niin{l-^,l-^} (6.37) 

holds (see p.85p ). then Corollarv 13.21 (with p p^, p' p^. 5 6+) implies that the time 1-flow 
generated by F maps £'(s+,r_|_) into D{s,r). The transformed and symmetrized vector field is 



X+ := Se^^^X ^ S(^X + adpiX) + ^e^^U^)) - AA+ + i?+ (6.38) 

with the new normal form JV^ defined in (|6.18p and, by (|6.32l) , the new perturbation 

i?+ := - + adi.(i?^") + 8.dFiR-^) + ^ ^ad],(X)) (6.39) 

where := ^ R'-^\ see ^M\i . so that R = R^° + R^\ 
We set 

7"' P^'^' II J, = -1,0, £-:=£(-i)+eW, Q -.^ j-'\\R§ (6.40) 
and the corresponding quantities e^'',£+, 0+ for R^ with parameters p+ defined in (|6.34p . 
Proposition 6.1. (KAM step) Assume thatp,p+ satisfy (|6.35p . (|6.36p . and that 

j-i^2r+i^ is small enough , 8 < 2^ (6.41) 

(6+ is defined in ((OTI) ). Then, by (103| . the solution F e U^"^ of (102l) satisfies ((OTI) anrf e'''^^ 

and in (|6.38p are we/Z defined. The perturbation R^ G TZrev in (|6.39p satisfies R = SR and 

< 5;2^v4r+2(^(-l)^-2)^^(0)g-Kmi„{s-.+ ,a-a+} (543) 

e+ < <d{l + C5-^K'^''+^e). (6.43) 



Proof. The proof is split in several lemmata where we analyze each term of R in ([67 
We first claim that 



adf 



(i?^°) ^ +||ylad],(X) ^ <5r'-iK^^^^+^h\ (6.44) 
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Wc have 



j>2-^' j>2-^' J>2-^' j>2-^' 



i>2 



J>2 



J! 



As we have already noticed, by (|6.35p . (j6.36p . (j6.37p we can apply Corollarv l3.2l fwith p ^ p*, p' ^ P+, 
5 ^ h 2) obtaining 



i>2 



J! 



16331.16:401 



J^iadMi?) ! U-^'\\F\\l)'\\R\\l "^r- 5-X^(-+i'e-7e. (6.45) 



In the same way wc get (with h \) 

||EW([i?IVi? 



K ) 



T 

P+ 



'-K J -"/f 



J>2 i>l 

<'5-||F||?:jli?f ||T '^'^ <5-X-+V-^ (6.46) 



Finally, by Corollary I3.1[ applied with p Pi,, pi 6 6+ (note that conditions p.38p - p.39p 

follow by (|05)) - (|05)) ). we get 



^„ T JXsH , „ ^„ „ l l633l .l lO0l 1 o , 1 



(6.47) 



The bounds ((05|) . (lOe)) . (jOT)) . and 6 < 2^ (see (lOTjl ). prove (|6.44p . 
We now prove (j6.43p . Again by Corollarv l3.1l we get 



ad;^(i?^i) < S^'\\F\\l\\R^% ^ L_F ^ 5;i7^2-+i^e-e 



(6.48) 



and (16:43)) follows by (lOO)) . (|5J3ll . (|33T]l . (lOOl) (lOSll . (lOll and e < 36 (which follows by (lOOl) 
and dSSni))- 

Wc now consider i?^''', /i = 0, —1. Recalling the degree decomposition F = + i^'"-', formula 

(|2.45p implies that the term ad^^^^ in (|6.39p does not contribute to ^\ On the other hand, its 
contribution to R^°'^ is [R^'^\ F^'^^]. Again by ([XM)) . (|05)) . ((OD)) and ([3301), we get 

II [^''\ ^*"'^]llj+ < S^'jK'^+'e^-'^Q . (6.49) 

The contribution of i? - Rjf in ((Ogl) to iT!^'\ ft. = 0, -1, is 

By (recaU ss+^ < 2), and (|On| . we get 

In conclusion, ((O^ follows by (jOg]) . (jETO)) . (jOil) . (|Og)) . ((001) and 8 < 2^. ■ 
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6.3 KAM iteration 

Lemma 6.5. Suppose that e[ , e^*^^ > 0, i = 0, . . . ,1^, satisfy 

< ar(ei-^)+£l)+ C.ef^e-^*^^, i = 0, 1 , (6.51) 

where Si := ej""^' + ef \ and K, C* > 1, A'* > 0. Then there exist < 1, C* > e^' , x G (1,2), 
depending only on K, C*, A'* ('anrf noi onv) such that, if 

So <e* e» < a eo e"^*^' , = 0, . . . , . (6.52) 

Proof. Iterating two times (|6.5ip we get, VO < j < - 2, 

e,+2 < 2a (k^+1(£;.;1^ + e-f+i) + £-,+ie-^-2^+') < dCJ^r^^' (e^ + + e-e-^*^^') (6.53) 

for a suitable constant ci > 1. 

We first claim that (|6.52p holds with x := 5/4 for all i = 2j < v. Setting aj := £2j", we prove that 
there exist d, large and small (as in the statement) such that if aq < e-^ then 

(S)^. ttj < 4^^aoe-^**'' , VO < j < 1^/2 

for a suitable C2 = C2(K, C*, AT*) > 1 large enough and 1 < x < e.g. x 4/3. We proceed by 
induction. The statement (S)q is true for C2 > e^' . Now suppose (S)^- holds true. Note that aj < 1 

taking Si, < min 

gif.x 74+\ Then (S) follows by 



a,+i = £2,+2 ^ CiCJ^K^^^^' (a2 + 4 + a.e-"'^"') < 2c,Cl-Y?^-^ (a] + a,e-^'^'') 
2ciC^^K2^^-'"((4+^aoe-^-*'')2 + (c^^+^aoe-^'*'' )e-^*2^^) < ci+^aoe-^'^'^^' 

since 4ciC^^K^''i^4'''^«oe~^**^' e"-^^*^^' < 4^^aoe"^'*^'^^ taking C2 large enough (use x < 2) and 

4ciCJ^K2=^^(c^2+iaoe-^**'' f < c^2'''«oe-^-*''^' 

since x < and taking ao < small enough. We have proved inductively (S)j. Then ()6.52p for 
i = 2j follows since 5/4 =: x < X ■= 4/3 and taking large enough. The case i = 2j + 1 follows 
analogously noting that £1 < Ceq (by (|6.51|) ') taking Si, small. ■ 
We now consider as initial parameters of the iteration 

po = (so,ro,ao,7V^"',0o,A^o,A,a) *P (s/2, r/2, a/2, iV^°\ 40/3, 3^/4, A, a) (6.54) 
where s, r, a, 0, /x, A are defined in Theorem 14. 11 the set 0» in (j6.3p . and 

7V^"^ := 57-1/3/6 satisfies iV^°^ > iV and (113) , (6.55) 

taking 7 < 7»(n, s, a) small enough (the constants c, TV are defined in (|5.58l) and p.58p respectively). 

We start a KAM iterative scheme on the vector field Xq = A/q + i?o : Dq xO^, defined in (|6.1ip 
where the normal form Ao = A/" is defined in (j4.1D . the frequencies satisfy jw'-^'l''^ + jl^^^Yc^ ^ -^o on 
the whole M"/^, see (|4.5p . and the domain D{so,ro). 
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We define, for 1/ > 0, the parameters 

• Sy+i := - so2~''"^ \ y, r^+i := - ro2"''"^ \ y , D^, D{s^,r^) 
. a„+i = a„ - ao2-'^-2 ^ ^ ^ ^^^^^ ^ A/o2-''-2 ^ 3^ ^ 

• :=0, + eo2-'^-V3^, A^,+i:=/i,-A'o2-'^-'\^, 

. := N^'h'^P , K.:^r, p :^ max {2(r + 1), ^ } . (6.56) 

Note that, by (|635)) and ((636l) . for aU > 0, 

eiVf^"^ > C7"^/^A';+i and iV^"^ > N (defined in (|338l) ) . (6.57) 
Lemma 6.6. (Iterative lemma) Let Xq := A/q + Ra be as above and set 

Oo := {e e O : ■ h\ > 2^^/^{h)-"/^ , VO < \h\ < 7-i/(7«) j (g gg) 

If EojOq, defined in (j6.13p . satisfy 

So is small enough and 0o < 2* , (6.59) 

(51) ^ VO < i < I/, there exist lo^'^ = n^'\ a^'^ defined for all ^ e satisfying 

1^(0 _ ^(0) I + ^1^(0 _ ^(0) |iip^ _ ^(0) 1^ ^ _ ^(0) |iip < _ 2-^7^0 (6.60) 

|aW| <C(l-2-07eo, |''^ 1^^^'' I'cL^ < (2 - 2-0^0 , (6.61) 

- f]f - aW| < C7/IJI , V \j\ > 6{Nt''^ + 1) , (6.62) 

uniformly on W^^. For I < i < ly, M := uj'^'\^) ■ + in^''\C){zd^ - zdg) is a normal form as in 
Defimtion[5l\ satisfying (jO)) for all \j\ > 6(7V^'"^^ + 1). Set 

Oi := e O^-i : for /i G Z"/^ , < A'i_i , peZ, (6.63) 

|c3(*-i)(0-/i| > (l-2-')27(/i)-" if h^O, 
\LO^^-'\0-h + nf-'\0\ > (l-2-027(/^>-^ 

\uj^'^-'HO-h + n^;-'\,0 + ^fr'\o\ > (i-2-027(M-% 

|u5(-i)(e)-/i-^^r''(e) + 1^5r'^(e)l > (l-2-027(/i)-^ if /i^O or jV±j, 

|w(*-i)(e) -/i+pI > (l-2-0272/3(/i)-^ if /i^O orpT^o}. 

(52) j, y 1 < i < 1^ there exists a close-to-the-identity, analytic, even (Definition \2. 1(3(1 change of 
variables $'(-;0 • Di — > -D^-i, defined (and Lipschitz) for ^ G O^, such tha^ 

X, := S^lX,^i =: M + i?, : D, xO,^ A-i , e 7^,e^, , R^ = SR, . (6.64) 

Setpi = {si, ri, Sii, NQ\0i, fii, Xi,Oi) and define 

ef):=7-i||i?f)||J,, /.= -l,0, 6, :^ 7-^Pdlp^. ■ (6-65) 



is the lift to the tangent space (recall II4.13I I). 
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y 1 < i < v we get, uniformly for ^ G R"' , 

\^f\0 - a^^HO - + < 407^ , m > Q{Nt'^ + 1) (6.66) 

and 

|^(i)_^(-i)|J^p^^^ |f^W_^(.-i)|iip^^^2^i^;_+iMo£-._i (6.67) 

where A'_i := 1. 

(53) j. VO < i < I' - 1, t/ie £|"^\ef^ safe/?/ I07]) K = 4^^+^, if* = min{so, ao}/4 and some 
— C* (^) ■ 

(54) ^ yO<i<iy, we have < C^Soe'^'^' and 6^ < 260. 

Proof. The statement (S1)q follows by the hypothesis setting a'"^ = and A^o^^^ := 0. (S2)q and 
(S3)q are empty. (S4)q follows because > e^* in Lemma [6.51 Note also that, by (j6.3p and (|4.5p . 
the set Co defined in (|6.58p satisfies 

OoQi^eO, : SA(^)ca}, A:=7/A/o. (6.68) 

We then proceed by induction. 

(Sl),y+i. We start defining the normal form at the step v + 1. For all ^ G Ojy if > 1 and ^ e O* (see 
(|63)) ) if = 0, we set (recaU (|09)) ) 

'if^(0:=(^^^(-;0>, .7ei, ifi5.''^(e):=(i?^^-^^(-;0>, (6.69) 

The frequencies w^'^^rj^'^) satisfy (P?^ (since i? n is even by (52)^/) and by Lemma 16.31 (and (j6.65p ) 
there exists aS"\^) G K such that 

|wM(0| , , |a(^)(OI < 27£-., ' ^^''HOl < 407^1 , V|j| > 6(<) + 1) , (6.70) 

uniformly in ^ £ (rcsp. if = 0). Moreover ([OT|) . (jOg)) . ([MT]), (jg:^ imply 

|^M|np^ |^(.)|iip^^^^<2Afoe-. (6.71) 

(resp. O* if = 0). Let 

7?o A = 7/Mo , 77. := 1 / (2^+^ M^Kl+l) ,v>l. (6.72) 
Let us define Oi,+i as in (j6.63|) (with i = + 1) and set 

a+i:= U {eeR"/2 : e-e+c, lei (6.73) 

We claim that 

61 C and 0^+1 C , for v>l. (6.74) 

The inclusion Oi C follows by the definition for Oi, the inclusion d C Co (see dUS])), 

(|6.72p and (|6.68p . Recalhng (|6.63p . the inclusion Ou+i C O,^, for > 1, follows if, for every ^ = ^ + ^, 
^ e Ojy+i, Id < T?!/, we prove that 

> (l-2-'')27(/l)-^ V0< </C-i, (6.75) 
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and the analogous estimates for loj^^'^^i) ■ h + nf~^\i)\, 1^3^"-^^) ■ h ± ilf ^'(|) + il]'^ ^'(|)|, 
{()-h+p\. By the expression (|6.77p (at the previous step) for w^"^-*, fi^'^^ and since e [0,1], 



we have by definition of Oi^j^-i 

|cD(^-i)(f) . h\ > • h\ - • h\ - \{u^-'-'Hi)~o}^''Hi)) ■ h\ 

(ESI- Hill} 

> (1 - 2-^^-1 )27(/i)-^ - 2MoV.K,^i - 27£„_iif„_i 

> (l-2-^)27(/i)-- 

Since 

E22},(S4„) JOel 

2Afo7]. + 27£,_i < 2-''-2^A7_:r' + 27a£oe-^*'^ < 2-''-fK;Z^^ 

taking eg small enough. This proves (|6.75p (the other estimates are analogous) and so (|6.74p . 

We define a smooth cut-off function '■ K"^^ [0, 1] which takes value 1 on Oi^+i and value 
outside Ojy+i, in particular Xv vanishes outside (resp. if = 0) by (|6.74p . Recalling (j6.72p we 
can construct x^j v >0, in such a way that 

\x.t^^,.<l-'Mo2'^K:+l (6.76) 

(recall K-i := 1). We extend a^""^ to zero outside Oi, for v > 1 and, for = outside O*. 

Then we define on the whole K"/^ 

^(i^+i) +^^^(^)^ ni'^+^l := n^'') + XM^^K a(''+i) := a^'^) + x.a^"^ (6.77) 

The estimates (jOS)) with i = z^ + 1 directly follow by ^^lU^ . By (|ST7)) . ^IBI, (|STT|) . (ISTTH)) . 

we get 

proving the first estimate in (j6.67p with i = + 1. The other estimate is analogous. 

Estimates (pTBO)) . (jglCTI ) . (p:^ with i = + I follow by (Sl)^ and by (pTTOjl - lpTBT)) with i = z^ + 1. 
This completes the proof of (81)^+1. 

{S2)^^^. We apply the KAM step Proposition 16. II with p ^ p^, p+ ^ Pu+i, X ~^ X^, ~^ Xi,^i. 
The parameters defined in (|6.56p (and r > 1/h) satisfy the conditions (|6.35p - (|6.36p . for all z^ e N, 
taking 7 smaU enough (recaU (|6.55p '). Again by (|6.56p 

^min (1-^,1-^1 so that 2-''-'' < 5,+^ < 2-''-\ (6.78) 

and the condition (|6.4ip is satisfied by (5*4)^, taking Eq small enough and since 9o < 1, see (|6.59p . 
Hence Proposition 16.11 applies. Let ^''^^ be the time-l-fiow generated by the solution F^+i e Ti-a-rev 
of the homological equation (|02)) . Then $^+^ = e'^'^'"-+K The flow $''+^ is even because F^+i is 
even. We have that (|6.64p holds with i = iz + l. The estimates (|6.66p - (|6.67p for i = 1/+ 1 have already 
been proved. We dcflne e^+i, ej^^^-*, e^*^^ as in (|6.65p . 

(53) ^+i follows by mj^ . (IH3H11 and (jlTTa . 

(54) j^^-^. By (6*3)1^ we can apply Lemma 1^31 and (|6.52p implies e^+i < Ci,eoe~^'^ ^ . Moreover 



e,+i < eonr^o(l + C7,5r^V^; + < 260 

for £9 small enough. ■ 

Proof of the KAM Theorem 14.11 completed. Assumption (|6.59p holds by (|6.14p taking e in (|i?71) 
small enough. Then the iterative Lemma 16.61 applies. We define 

:= lim w^'') , := lim f]^'') , a°° := lim a^'') . 
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It could happen that 0,yg = for some vq. In such a case Ooo — and the iterative process stops after 
finitely many steps. However, we can always set Ui, := fl^, := f2y„, Oj!'-' := a'^'^°\ Vi/ > I'o, and 
a;°°, rj°°, a°° are always well defined and the bounds (g^-gini) hold. Indeed (jMl) follows by (jOHl) 
recalling that Ao = A/". Then (|4.9p follows by (j5.2p because the normal forms A/^y satisfy Definition 
KT\ We now prove (|4J0)) . For aU Vi^ > 0, j > 6(A'^[$''^ + 1), we have (rccaU that 0*°^ = 0) 



0<i<iy i>v> 



Therefore, Vi/ > 0, 6(iV($''^ + 1) < j < 6(iV($''+^^ + 1) 



J J — ^ J 3 



and (|4?T0)) follows by (5*4),, and since df^ = Qj. 
The transformation $ in ()4.12p is defined by 



$ := lim $ o $" o $1 o • • • o (6.79) 



where $ is defined in section ISTTI as the time 1-fiow of F in ()6.4p . The map $ is even because 
I > 0, and $ are even. We now verify that $ is defined for parameters ^ G Ooo defined in (|4.1ip . 

Lemma 6.7. Ooo C r\i>oOi (defined in (|6.63|1 and (j6.58D ). 

Proof. We have Ooo ^ Oq by (|ilT|) and For i > 0, if C € Ooo then, for all < K,, 

by the definition of Ki in (|6.56p . (S'4)^ and Eq (that is e) small enough. The other inequalities in 
(|6.63p are verified analogously. ■ 

It remains to prove ()4.13[) . By the definition of $ in (j6.79p . the final vector field 

A'oo = lim X, where Xi := <^lX,^i , i > 1 , Xq defined in . (6.80) 

The vector field ^Yoo G TJ-re^ because A'g € TZrev (see (|6.15p ') and each Xi € 7?.reu because $^ = e^'^^'^ 
with _Fi e TZa-rev (then use Lemma l2.10p . Let 

Xoo := lim Xi = A/'oo + ^00 where A/'oo lim Ni , i?oo lim Ri . (6.81) 

i— )-oo i^oo i— >oo 

By (HlMl), (54),. and we get 

-Roo = 5i?oo , i?s>° = ■ (6-82) 

Lemma 6.8. (A'oo)|£; = (A:oo)|_e. 
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Proof. The lemma follows by proving (Xij^^ = {^i)\Ej > 0. The inductive basis for i = is 
(|6.16p . Let us assume that = {Xi^i)^^- Then 

V ^ I 

by ProDOsition l5.ll and Lemma [2. Ill fused with X — Xi^i, Y Fi defined in Lemma [6.61 so 

that e'"^''^ = ■ 

We have already chosen Nao in (|6.8ip , then Too in (|4.13p is Voo = <%'oo — J^oo ■ It is now simple to 
show that {V^).^ = 0. Indeed 



by Lemma |6.8I Finally Voo G 7?,rei) because A/'oo G 7?.reu (obvious) and ^Yoo G Ti-rev This concludes 
the proof of Theorem 14.11 

6.4 Measure estimates: proof of Theorem 14.21 

Recalling the definitions of O and Ooo, given in (|4.17p and (|4.11l) respectively, we have to estimate 
the measure of 

OyOoo ^C^UC^+UC^-UCU (0\0o) (6.83) 

where 

Oo:={^eO : \C3{0-h\>2j^/^{hy/\ VO < < 7"'/'"} 

U ' ^^:^(^) ^= {^^^ ■■ • + f^r I < 27^-^} 

:= U ^m:J(^) ' := e O : ' ^ + ^TiO + (01 < ^l{h)-^} 

/ieZ"/2,i,jez\i 



2- 



U 7^^,-;; (7) , 7^t■ J(7) := e o : M°°(0 • ^ + ^^r(0 - f^r (01 < 2j{h)-^} 



C := 



U ni,h'/'), 7^;;p(7^/^) e o : M°°(0 • z^ + pI < 27'/'(/i)-^} 



;ie2"/2,pez 

We first consider the most difficult estimate 

|C2-| <72/3pt-i. (6.84) 



Lemma 6.9. //7^^, ,.'[(7) 7^ then 



\\i\^\]\\<C{h). (6.85) 

Proof. By the definition of 7^^,^'J(7), (US and gH]). ■ 

As a consequence, we have to estimate 

c'-- U ^vJW 

(/i,ij)ei 

where 

I := \{h,i,j) e X {1\lf : (pTSS)) holds and, if i = ±j , then 7^ o|. 
By dHH]), dmH), dMl), for e small enough, a;°° : O a;°°(0) is invertiblc, 

C=(cJ-)-i(C)=A-i(C-<5)+raC), |(^°°)-Y'P<2||A-i|| (6.86) 
where Ir^l = 0(67), jr^l^P = 0{e). 
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Lemma 6.10. For {h,i,j) G I, < ry < ??o(m) small enough, we have 

\K:ijiv)\<w'^-'{hy^. (6.87) 

Proof. By (g^l), (gH]), we have 

cj-(e) • h + nno - ^TiO = -h + x.-x. + a- aK' - a;') + nAO (6.88) 

where 

K,m=0{ej), = 0(£). (6.89) 
Case 1: h = 0, ±j. By ((gTMl) . (H^, we have, e O (see dUT])), Vi 7^ ±j, 

hence Ul^jiv) = 0- 

Case 2: h ^ 0. Introducing the final frequencies ^ := a;°°(^) € R"/^ as parameters in (j6.88p we get 

^ [h + {A^r'sixA ATI)) . ^ _ ^-1-^ . .(^-1 _ ^-1) ^ 

where ^ satisfies (|6.89p as well. By (|4.19p and (|4.22p the vector 

a := /i+ (A'^)"ia(ATi - Aji) satisfies |a| > c = c(A, a) > , V/i ^ 0, Vi, j G Z \ I . (6.90) 

In the direction ~ sa\a\^^ + w, w ■ a ~ 0, the function fk,i.j{s) '■= fk.i,j{so,\a\~^ + w) satisfies 

fka,j{s2) ~ fkA,j{si) > (s2 - si)(|a| - Ce) > (s2 - si)|a|/2. 

By Fubini theorem we get |{C G a;°°(C') : |A,»j(C)| < 277(/i)"^}| < Tjp^-\h)-'' which implies (1^:57)) 
thanks to (H^. ■ 

We split 

I = I> U I< where I> := {(/i,i,.?) € I : min{|i|, > Qj-^/'^{hy"^ (6.91) 

where Q > in (|4l0| for tq := 2 + (n/2). We set I< := I \ I>. 
Lemma 6.11. -For all {h,i,j) G I> we have 

^M.:?(7'/')c7^^-;:°„(27'/3) (6.92) 

where iq, Jo G Z \ I satisfy 

Kol - bol = N - and min{|jo|,Ko|}>Cj7-'/'(/i)"°. (6.93) 
Proof. Since |j| > by (|4.10p and (j4.18p we have the frequency asymptotic 
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By and ^ wc have ||j| - |j|| = ||io| - |jo|| < C{h). li ^ e O \ Ul^lS'^l^^''), sir 

\j\, \io\, bol > Mo Cj7"i/3(/i)^° (recall (lOTj) and we have 



> 



16:941 

> 



4-y2/3 



N - Nol - b1 + IjoI 



-|«-e(A-i-A-i)| + |a.e(A-i-A-i 



2 NoIIjoI 



> 



4-y2/3 ^2/3 ^1^-^ tost 27^/3 



Mo 

i-r 



taking Cj in (|6.93p large enough, and having used \Xj - A^^l < - liHKI" Ijl" ■ Therefore 
C e O \ proving dug). ■ 

As a corollary we deduce: 

Lemma 6.12. | |J 7^^-;J(7) 
('i,jj)ei> 

Proof. Since < 7 < 1 and r > tq (see tfnU\ ). we have 7^^~;J(7) C 7^^;^'J" (7^/^). Then Lemma 
16.111 and (|6.87p imply that, for each p e Z, 



Therefore 



U '^h,i,j 

(/i,ij)ei>, |i|-|j|=p 



(/t/j,i)GI> /i,|p|<C(/i) 



(since tq > 1 + (n/2)) proving the lemma. 



<7'/V"'- 



Lemma 6.13. | |J 7^^-;J(7) 
('i,jj)ei< 

Proof. For all {h,i,j) e I< we have (see (|6.85p ) 

min{|i|,|j|}<C7-^/^(/i>^", <C(;i) 
Therefore, using also Lemma [6.101 and (j6.85p 



.{m,\j\}<c'i-'/Hhrr 



7 ^ M" 



I U ^m;;(7) < e e e 

(h.i,j)ei< h |i|<C'7-i/3(?i)"o lli|-|j||<C(/i) 

which, by (|4.20p and To := 2 + {n/2), gives the lemma. ■ 

Lemmata l6.12l IF.13l implv (|6.84p . Let us consider the other cases. By (j4.19D . arguing as in Lemma 
16.101 we get that for < 7 < 70 (m) small, the measure 

K;(7)l, |7^'.:^;J(7)l<7M*-'W-^ \nijj'^')\<^'/'p^-\h)-\ 

and, by standard arguments. 



<"fP^-\ |C| <72/3pt-i, |0\0o| <72/3pt-i 



(6.95) 



Finally (OD . (lOSl) imply g^I]). 
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7 Proof of Theorem 11.11 



By hypothesis the nonhnearity g(x,y,yx,v) = yyx+ h.o.t. has the convergent Taylor expansion 
g(x, y, y,, v) = yy^ + ^ g(>^^'^'^) (x)y 

k.hdeN : k+h+l>3 

where 

||ff^''''''^||a„.p<C'^+"+' for some ao>0,p>l/2. (7.1) 

Note that we arc identifying the functions g''^'''''-' (x) with their Fourier series {5]^ '''''"'jjoez € i"'"'''' 
(recall (HH])). Let 

a:=ao/2, {ufj^^^ee^'P. (7.2) 

The function g in (|1.16p is 
and g+ in is 

S.^^^gj- = E (V2)-'^-ig,j.,„uf (7.4) 

= J E ^T^-2-3.j>j>--E E (^)-'^-'g^^i-.o-f 

o'lJi+cr2i2+o-3i3=i -'^ ■'^ "'^ d>3 ^1,-.,<T^ = ±1 , 

JO + Ef^l ''i3i=3 

=: g^+gf^ (7.5) 
where J = {ji, . . . , jd), t? = (cti, . . . , Ud) and itj = U^j^'- ^^^^ coefficients gajjo ^'"^ explicitly 

i=l 

93Sjo = 2^ (-1) 1 ^ c^fc+i ■ ■ • (Tk+h+i ^ . — g)^ 

k.h,lef^ : h+k+l=d ^1 + 

We consider (jl.23p as the equations of motion of the vector field A/q + G where 

(T=±, jez 

is the linear normal form vector field, and (recall (jl.25[) ') 

G = GK):=iag,,, G = G(=^) + G(^5) , (7.7) 

is a nonlinear perturbation. Note that 

G(<-) = -G^^" ^ (7.8) 

and that G(=^) has zero momentum by ((73) and ([721). Moreover, by PT^ . ([TT^ . ((OHl), p3T]) we 

have 
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Lemma 7.1. G is reversible (w.r.t. the involution S in (|1.29p J. real- coefficients, real-on-real, even, 
namely G € TZrev (recall Definition \2.11\ in absence of x,y-variables). 

Lemma 7.2. For ao — a > a := ao/2 (recall (|7.2p ) and R > small enough 

||G|U,a, ||G(=3)||^^^<i?2^ ||G(^5)|U,a<i?^ (7.9) 

Moreover for Nq satisfying ([XT]) we /laue f/iaf G, 6*^=^^ G^-^^ belong to 2^ ^(^0,3/2,4) wt/i 



l|G||/f^,a,iVo,3/2,4 ' 11^' ^'llH,a,Aro,3/2,4 < 

Proof. We first note that for d,h,kj eN 



\\G^-'^\\ 



T 

fl,a,Afo,3/2,4 



IjoI|„('=.''.0| 

jo I 



CTl,...,crd = ±l . 



<ll.9^''''^IUo.p(lkl|a.p+|Kl|la.p)" 



(7.10) 



(7.11) 



Indeed 



J2 e^l^°l|5j'''''^||uf|< (g('^^'''')*u*u* •••*«)., VjeZ, 



?i„ 1, * denotes the convolution of 



"1 £i = ±l . 

30 .31 .- -id^^ • 
30+Ef=i ■'i3i=3 

where (e^'^°'5]^''''''^)jogz, u := {u„)nez, := \u„i -r |u,„|, 

sequences and 

by the Hilbert algebra property of and since a < — a. 

Now we can rewrite the sum in (j7.4p as gj = (gj)^^^^"?!^ where (gj)a,/3 can be explicitly 

\a\ + \0\>3 

computed from l|7.4p but has a complicated combinatorics. In order to compute the norm j|G||/f.a we 
note that 

' - (7.12) 



< 1 



< 1 



and the momentum of 



(7.13) 



l<i<d 



For all a > and i? > we have (recall ((7J 



l|G||fl,a 



sup 

th'||a,p,||'5||a,p<H 



l"l + l^l>3 



sup 



frm 1 

< 



«l|a,p,||fi||a,p<« ^ |a| + |/3|>3 

Sim II I > (■ 

R 



|f ||a,p,||"||a,p<^? 



d>3 



tri ,...,CT^ = ±l , fc,h,ZGN : 
30.31 ,■ --jd^^ ' h + k + l = d 
30+Ef=l <'i3i=3 



sup ||(E(^)-'-^ E E 

= d 

133 1 'sr^ 'sr^ . n. n _„ .^IHJ 



< ]^„„ ^,^P ..E E (^/2)-''-l|lg('=■"■')|U„,,(|l^^!U,p + ||^2|U,,)'^ < i?'^ 



59 



proving (|7.9p for i? > small enough. 

Let us now prove the estimate (j7.10p for the quasi-Toplitz norm of G (the estimate for G'^^' and 
G(>5) 

are analogous). For N > Nq, by (j7.4[) and (j7.7D we deduce that the linear projection 

m|,|r.|>(3/2)W 

where (recall ([XTU)) . ((XTT|) . (jXT^ 'l 



= 5: (i)"+'(-i)'gj:^''" (fef • • ■ -"^^"^'-^ + (7.14) 

k,h.leN:h+k+l=d+l V " Ji • • • Jfc + h-i 



+ her + (7.15) 

An . . . ''^jk + h-l 

, , ,jk+l ■ ■ -jk+hO-k+l ■ ■ ■0-k+h+l-l\ ^'7^r.^ 

+ la , (7.16) 

Aji ■ • • '^jk+h / 

the Toplitz approximation is 



n.a.a' d>2 " 1 d = ^^ • 

>(3/2)iV Ef=i ljil<4«-C- .IjoKJVi' 



k,hdeN:h+k+l=d+l Ji • ■ • 3k + h-i 



, /Jk+1 ■ ■ -Jk+hCTk+l ■ ■ -CTk+h+l-l 

+ Y V 



(the term in (j7.14l) is replaced by 0, in (j7.15[) the factor n/A„ replaced by the sign s(n), and (j7.16p is 
left unchanged) and the corresponding Toplitz defect is 

G f E G:-<X^, G-™:=-ia^ ^ ( V2)-'^-^g^;-^4 

m,n,cr,cr' d>2 cr j , . . . , o-^ = ± 1 , 

m|,|„|>(3/2)N j-^i^^ |j.|<4jvl- ,|jol<«'' 

-^a',n _ -,w (fc,fe,i) ( , jk ■ ■ -jk+h-lCTk ■ ■ ■ (^k+h+l-1 

. . . „ ^ /V), • . ■ ^ 



kJi.leN ■ h+k+l=d+l 



u f f \/\ \ \ \]k+l ■ ■ ■ ]k+h-lCrk+l ■ ■ -(^k+h+l-l 

+ ha s(n)(|n| - A„) 

^jl ■ ■ ■ Ajfc + h-l 

Using that < A„ — |7i| < c(m) = \/in for all n e Z and that A„ > \n\ > {3/2)N we have that the 
Taylor coefficients of G, G are uniformly bounded. Then, arguing as in the proof of (j7.9p . for i? > 
small enough, we deduce that 

IIGIIii.a, ||G||_R^a < ■ 

Note that g^j"g depends on n only through s{n). Since by p.l2p s{n) = aa's{m) we have that 
G e rfl,a(iV,3/2,4) (recall Definition [321) ■ By Definition O we get ([7111)) . ■ 
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Proposition 7.1. (Birkhoff normal form) For any I as in p.32[) . and m > 0, there exists Rq > 
and a real analytic change of variables 

r : X c X r-p ^ X c r^p x r^p , o<r<Ro, 

that takes the vector field A/q + G into 

(ot-1[AAo + G]) o r = AAq + Gi + G2 + G3 (7.17) 



where Gi,G2,G3 satisfy 



.r + 



3 UX^ U,^ L„j ' /i^ \2 \ . 

a4iG^'^= ^' ,2 (7.18) 



iex 



if J el, 

E r^-^'^3u-.-.- if (7.19) 



and V a > 

||Gi||fl,a = IIGilli^.o , ||G2||fl^,a = ||G2||fl,0 < R' ■ (7.20) 

Moreover for Nq large enough we have 

ll^l|llf,a,Afo,3/2,4 < ' II ^2 |1 fl^a.^o, 3/2,4 < ' II G's || ?j/2,a/2,Ar^, 7/4,3 < -R** ■ (7-21) 

Finally Mq + Gi + G2 + G3 G 7?.rei> (recall Definition \2.11\ in absence of x, y -variables). 

Remark 7.1. The estimate for G3 in (|7.2ip follows by assumption (|1.7p . // g = yy^ + O4 t/ien 
ll^3ll/i/2 a/2 Af' 7/4 3 ^ which is not enough for a direct application of Theorem \4.1\ (see subsection 
\7.2^ . The term of order four should be removed by a further step of Birkhoff normal form. For 
simplicity, we did not pursue this point. 

Proof. The estimates (|7.20p and (|7.2ip for Gi,G2 follows by p.27p and the analogous estimates 
(frg)) and (fTTU)) for G, since Gi,G2 are projections (recaU (HHH)) of G, satisfying ((X^ . 

In order to obtain the estimates for G3 we need the following result proved in |3] (Lemma 7.2 and 
formula (7.21), see also pS]). 

Lemma 7.3. There exists an absolute constant c, > 0, such that, for every m G (0,oo) and ji G Z, 
CTi =±,1 = 1,2,3,4 satisfying criji + (T2.j2 + o'3.?3 + o'^j^ = but not satisfying 

ji = 32 , J3 = ji , en = , o'3 = — cr4 (or permutations of the indexes) , (7.22) 

we have 

l^iAji + cr2Aj2 + (T3AJ3 + cr4AjJ > ^ l*"^N3/2 > where no := min{(ji), (^2), (j3>, (j4>} • (7.23) 
Let us define 

F := F^'^'^ ^du- with 

jez,o-=± 

Eifii") 1 J2j3 o-i era <T3 /-TO/iN 

3' := > ; ; ; — ; ; Cr20'3 U, U, . 7.24) 

(31,32,33.3)?(^^)*' 
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By Lemma 17.31 and arguing as in Lemma 17.21 we get that 

Va>0, i?>0, \\F\\r^,= \\F\\r^o<R^- 

Moreover we claim that 

ll^llii,a,Wo,3/2,4 < ■ 



(7.25) 



(7.26) 



For N > No, by (jTTM)) we have that nAr,3/2,4-F = F + N-'^F, where (recall (013, (|XTT|) and ([XT^ ). 
denoting for brevity di := ctiAjj + (72 Aj^ + cr'A„ — crA,„ and d2 ■= cri^ji + o'2^j2 + cr' \ n\ — <7\m\ 



F 



E 



F := N 



E 



o-'.n <^z^ 1 



|m|,|™|>(3/2)JV 



ct' ,71 



E 



|m|,|n|>(3/2)JV 

1 Cr2j2 



4A ^ 



Jil + li2l<4"^ . 11 ori2e2: 



2as(m) ^ 



'^1 - (^CT.cr' V"A, 
0-2 



_i__oxh_ 

dl XjiXjn 



(T 1 (To 



(here (5^,0-' = 1 if cr = cr' and otherwise). 

Let us consider first the case a =- a' . We have 



Ml 



|n| + \m\ I < 



1 

ItoI 



noting that 1/2 < |n|/|TO I < 2 by cTiji + cr2j2 om - cr'n and |ji| + \n\ < iN^, for iV > iVo large 
enough. Then, since by (ITT^ . l<|di|, for \n\ > (3/2)iV and iVo large enough, 1 < - 1^2-^1 1 < M2|- 
In particular |rf2| > const. > and F,F are well defined. Moreover 



d2 



«2 



< 1 — : and 

\n\ 



I II 1 



and, therefore, ||n| — didj ^A„| < 1. 

In the case a = — cr', since \ji \ + \ j2\ < and A,„ > |m| > N , we get \di \ > \n\. 

Recollecting we have that, both in the case a ^ a' and a = — cr', the Taylor coefficients of F,F 
are uniformly bounded and, arguing as in the proof of Lemma 17.21 we get 

ll^'lliJ.a, ||Fb,a<i?'. 

We note that F e TR,,a(-^, 3/2, 4); indeed g = a' and by p.l2p s(m) = s(7i), so that d^ := criAj^ + 
a2Aj2 + ^(rn)[a'n — am). Then by Definition 13.41 we get (j7.26[) . 
With Ao defined in (j7.6[) we have 



A/'o, du^\ = i(aiA,, + a2Aj2 + ct:,\j, - aAj)wJ>J,^Hj; 9„ 

Then F in (|7.24p solves the homological equation 

[AAo,F] + G^=3) = adpiN'o) + G'=^' = Gi + G2 

since ) i(CTiAj, + (T2Aj2 + <J3>^3, ~ (jXj)-\G^=^'>)^"iI 

Then wc define F as the time-1 flow generated by the vector field F. Then 



(7.27) 



(^DT-^[Afa + G]) o F = e"'^^(AAo + G) . 
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By ((T?f)) we have that 

j>i ^-^ 

and the estimate for G3 in (|7.2ip follows by Corollary 13.21 taking R < Rq small enough and large 
enough. 

We claim that F e TZa-rev Indeed F is real-on-real (recall Definition (23]) since F^^ ^ ~ F^^ ' by 
(|7.24p (R defined in (|I.17p ). F is anti-real-coefficients (recall Definition l2.8p since the Taylor coefficients 
in (j7.24[) are real. F is anti-reversible (recall Definition 12. 7p with respect to the involution S in (jl.29p 
since by (j7.24p we have fK) oS = Finally F is even (recall DefinitiQ]i l2.1Qp since, again by 

(|7:24l) F^^ = F^j^-'' (with E defined in (lL27ll '). 

Then AAo + Gi + G2 + G3 = e^'^^(7Vo + G) G Urev by Lemma [2T0l ■ 



7.1 Action-angle variables 

Let us denote by 

iu+,u-) = $(x, y, z, z; = $(x, y, z+, z"; ^ (7.28) 
the change of variable introduced in (|I.33p . For p > 0, let (recall (11.32^ 1 

Op := {e e R"/2 : ^<^j<p, (7.29) 

A vector field X = {X^"^\ X^"^ -*) is transformed by the change of variable $ in 
Y = [X]) o $ , with 

2 V u J u- y \ •' J J 

yK)=x«)o$, cr = ±, jeZ\l. (7.30) 

Lemma 7.4. (Lemma 7.6 of [J) Lef us fix 

a^ao/2, p>l/2, and take 0<lQr^<p, p = C^R^ with C''^ := A8nK^Pe'^'^''+'"'K (7.31) 

Then, for all ^ G Op U 02p, the map 

$( • ; e) : i?(.s, 2r) ^ S^/^ x c t'^ x T'^ (7.32) 

is well defined and analytic {D{s,2r) is defined in (|2.6p and k in p.ip ). 

Given a vector field X : x 5^/2 ^ x ^"'''j the previous Lemma and (j7.30p show that the 

transformed vector field Y ^^,X : D{s,2r) 1°"^ x It results that, if X is quasi- Toplitz in 
the variables {u,il) then y is quasi-Toplitz in the variables {x,y, z, z) (see Definition [213]) . We define 

Via := {X e Vn,. : ^("P = ^ ^S^-"^''} ■ (7.33) 

|q(2)+^(2)|>j; 

Proposition 7.2. (Quasi— Toplitz) Let No,0, p, p' satisfy p.ip and 

(//' - Ai)iVo^ > < , ^o2- - +^ < 1 . (7.34) 
IfXe Qfl/2,a(^o,6',/i') n Vfl/2,a w*^^ = 0' !■ t^en Y e QlrA]^o,0,p) and 

\\y\\lr,.,No,e,f.,o, < (8r/i?)'^-'||X||5/2_,,^^,,^^, . (7.35) 



63 



The proof of Proposition 17.21 follows closely the analogous Proposition 7.2 in [i] (replacing the 
Hamiltonians with the vector fields) and we omit it. 

We also give the following similar lemma (see also Lemma 7.11 in [3]). 

Lemma 7.5. Let X e Vj^/2,a, Y and Yo{x,y) := Y(x,y, 0,0) - Y^y\x,0,0,0)dy. Then, 

assuming (I7.3ip . 

\\Yo\\s,2r,.,o,uo,,<{R/r)\\X\\n/2,.- (7.36) 
7.2 Conclusion of Proof of Theorem 11.11 

Recalling (|7.30p the vector field Ao + Gi + G2 + G3 in (j7.17p is transformed by the change of variable 
((L33)) into 

$,(AAo + G1 + G2 + G3) =M + V =N' + Vi+V2 + V3, (7.37) 
where the normal form Af is as in (j4.ip with frequencies 



(Aj = -|- m defined in (|1.24p ) and the three terms of the perturbation are: 

:= $*G2 (note that T^^^"' = T'^"' - , V^^^ = G^"^*^ ,7^1); 
^3 $*G3. (7.39) 

As in (|4.6p we decompose the perturbation 

7' = F^'(x;05j;+7'*, Fy(x;05„ := nt-i'^t^'a^ = n'-i'T'^^^^j, = 7'^^^(x, 0, 0, 0; • (7.40) 
Lemma 7.6. Let s,r > as in (|7.3ip and Zarge enough (w.r.t. in,I, L,b). Then 

\\'P'dy\\ir,./2,o < (1 + A/p)i?«r-2 , llP.g < (1 + A/p)(r2 + i?'V-i) , (7.41) 

where 

O = 0(p) := {e e M" : ^p<^i<'^p, I ^ I, . . . ,n] C Op (7.42) 
("w/iere Op was defined in ((7?^ jand p (s, r, a/2, A, 2, 2, A, O) . 
Proof. By the definition (|7.40p we have 

< V^j ll'^3|li?,/2,a/2,W,7/4,3 < ^ (7-43) 

(applying ()7.35p with d 0, Aq A, 6* 7/4, /i ~^ 2, ^' 3) and taking A large enough so that 
(fTMl) holds and A > Ag defined in Proposition Ol 
By ([7:771) . (j?:^ and (jTIiO)) we write 

■P* = 7^1 + 7^2 + 'P4 + "Ps where (7.44) 
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Va := Vsix, y, z, z; ^ - Vsix, y, 0, 0; , ^5 := Vsix, y, 0, 0; £,) - V^^^x, 0, 0, 0; ^dy ■ 
Wc claim that 

ll^l|lL,a/2,iV.2,2,0,: 1 1 ^2 1 1 ^,,a/2.Ar.2,2,0, < r\ (7.45) 

Indeed the estimate on Vi follows since Vi is Toplitz and ||'Pi|U,r,a/2,c'p < by (|7.39p . On the other 
hand the estimate on V2 follows by ([7^ and ((7?^ with N > iVo large enough to fulfill ((XT|) . 
By (|7.39p and (|7.35|) (with d 1, Nq N , fi ^ 2, fi' 3), for large enough, we get 

ll^4|lL.,a/2,JV,2,2,Gp < 11^311^72,3/2,^^,7/4,3 < "^"^ = ~ ' C^'^S) 

Since V5 docs not depend on the variables z^ we get 

r5|li;.,a/2,^,2,2,0, - r5|U,.,a/2,0, < (;^) 1 1 G3 1 1 K/2,a/2 < [j^j = V ^^'^^^ 

In conclusion, by (fr44l) . (fTiS)) . (fr46| . (TTTT)) we get 

r*lli;.,a/2,iV,2,2,0,<'^'+^'^''- 

In order to prove the estimates (|7.4ip wc have to prove Lipschitz estimates (see (|2.33|) . p.8ip ). We 
first note that the vector fields V^dy and V^, arc analytic in the parameters ^ G Op. Then wc apply 
Cauchy estimates in the subdomain O ~ 0{p) C Op (see (|7.42p ). noting that p < dist(C', SOp). Then 

\\^*\\Z../2.0 < P"'ll^*IU.r.,a/2,0, and WV" dy\\':^^^/,^„ < p"! T'^a, • 

and (j7.4ip are proved. ■ 

We now verify that the assumptions of Theorems 14.1114.21 arc fulfilled hy J\f + V in (|7.37p with 
parameters ^ G 0{p) defined in (|7.42p . Note that the sets O = [p/2,p]" defined in Theorem 14.21 and 
0{p) defined in ([TTi^ are diffeomorphic through (7p + 2^j)/12. Next uj and fij, defined in ((735)) 
satisfy ^JE\i with 

A := {Aji)^ .j^x+ , Aji = - {Sij - '^)j2y ' a:= y - 



2A2y«6l+ 



Then hypotheses (Al)-(A2) follow. Moreover (A3)-(A4) and the quantitative bound (|i?7)) follow by 
(|7.4ip . choosing 



s = 1, r = , p = C*i?^ as in ([73T|) . N as in Lemma[7Sl ^' = 2, p. = 2, 7 = (7.48) 



and taking R small enough. Hence Theorem 14. II applies. 

Let us verify that also the assumptions of Theorem 14.21 are fulfilled. 

Denoting by l„/2 the {n/2) x {n/2) matrix with all entries equal to 1, we have 

A = ^Di{ldn/2 - 21„/2)£'2 where Di := diag^g^+Aj^ , D2 diag^g^+i^A- 
Since 1^/2 ~ (^/2)ln/2 the matrix A is invertible with 

A-^ = iD^^ (ldn/2 - ^ln/2) and {A^r'a = -^uj 

\ ' n — 1 I n — 1 



where cdj := Xj := \J 2^ + m, j g . Therefore, for every choices of the conditions in (|4.19p are 
fulfilled, excluding at most finitely many values of m (recall (|4.22p ). 

We deduce that the Cantor set of parameters Ooo C O in (|4.1ip has asymptotically full density 
because 

The proof of Theorem 1 1.1 1 is now completed. 
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